arXiv: 1509.0115lvl [math.AP] 3 Sep 2015 


GLOBAL STRONG WELL-POSEDNESS OF THE THREE DIMENSIONAL 
PRIMITIVE EQUATIONS IN L^-SPACES 

MATTHIAS HIEBER AND TAKAHITO KASHIWABARA* * 


Abstract. In this article, an /A-approacii to the primitive equations is developed. In particular, it 
is shown that the three dimensional primitive equations admit a unique, global strong solution for all 
initial data a S [X p , V)(A v )) \ / p provided p € [6/5, oo). To this end, the hydrostatic Stokes operator A p 
defined on X p , the subspace of L p associated with the hydrostatic Helmholtz projection, is introduced 
and investigated. Choosing p large, one obtains global well-posedness of the primitive equations for 
strong solutions for initial data a having less differentiability properties than H 1 , hereby generalizing 
in particular a result by Cao and Titi [8] to the case of non-smooth initial data. 


1. Introduction 


The primitive equations of the ocean and the atmosphere are considered to be a fundamental model 
for many geophysical flows. They are described by a system of equations which are derived from the 
Navier-Stokes or Boussinesq equations for incompressible viscous flows by assuming that the vertical 
motion is modeled by the hydrostatic balance. This assumption is considered to be corrrect since in 
these type of models the vertical motion is assumed to be much smaller compared to the horizontal one. 

In this article we are interested in the isothermal situation assuming that the temperature T equals 
a constant To. In this case, the primitive equations consist of the equations describing the conservation 
of momentum and mass of the fluid and are given by 


( 1 . 1 ) 


dtv + u ■ Vv — Au + V//7r 

d z TT 
di vu 


u(0) 


/ in x (0, T), 
0 inOx(0 ,T), 
0 in x (0, T), 
a. 


Here f l = G x (—h, 0), where G = (0, l) 2 and h > 0. Moreover, the velocity u of the fluid is described 
by u = ( v , w) with v = (iq, V 2 ), and where v and w denote the horizontal and vertical components of u , 
respectively. Furthermore, 7 r denotes the pressure of the fluid (more precisely, 7 t = p + Tqz , where p is 
the original pressure, 0 £ (— h, 0)) and / a given external force. The symbol V# = (9 X , d y ) T denotes the 
horizontal gradient, A the three dimensional Laplacian and V and div the three dimensional gradient 
and divergence operators. 

The system is complemented by the set of boundary conditions 


d z v =0, w = 0 on r„ x (0, T), 
(1.2) v = 0, w = 0 on r& x (0, T), 

it, 7T are periodic on T; x (0, T). 


Here r„ := G x {0}, Ft, := G x {— h}, T; := dG x [—h, 0] denote the upper, bottom and lateral parts of 
the boundary dfl, respectively. 

The full primitive equations were introduced and investigated for the first time by Lions, Temam 
and Wang in [261 [271 [28]. They proved the existence of a global weak solution for this set of equations 
for initial data a £ L 2 . Note that the uniqueness question for these solutions seems to remain an open 
problem until today. 
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The analysis of the linearized problem goes back to the work of Ziane [33] [34], who proved ir¬ 
regularity of the corresponding resolvent problem. Taking advantage of this result, the existence of a 
local, strong solution with data a £ H 1 was proved by Guillen-Gonzalez, Masmoudi and Rodiguez- 
Bcllido in 01 - 

In 2007, Cao and Titi [8] proved a breakthrough result for this set of equation which says, roughly 
speaking, that there exists a unique, global strong solution to the primitive equations for arbitrary initial 
data a £ H 1 . Their proof is based on a priori i7 1 -bounds for the solution, which in turn are obtained by 
L°°(L 6 ) energy estimates. Note that the boundary conditions on Tb U T; considered there are different 
from the ones we are imposing in (11.21) . Kukavica and Ziane also considered in [2U [23 the primitive 
equations subject to the boundary conditions on T u U T;, as in m and they proved global strong 
well-posedness of the primitive equations with respect to arbitrary H 1 - data. For a different approach 
see also Kobelkov [22] . The existence of a global attractor for the primitive equations was proved by Ju 
[21] and its properties were investigated by Chueshov [10] . 

Modifications of the primitive equations dealing with either only horizontal viscosity and diffusion or 
with horizontal or vertical eddy diffusivity were recently investigated by Cao and Titi in [9], by Cao, 
Li and Titi in Mil]- Here, global well-posedness results are established for initial data belonging to 
H 2 . For recent results concerning the presence of vapor, we refer to the work of Coti-Zelati, Huang, 
Kukavica, Teman and Ziane m- 

Starting from this situation it is, of course, very interesting to find spaces with less differentiability 
properties as H 1 ^), which nevertheless guarantee the global well-posedness of these equations. We 
mention here the work of Bresch, Kazhikhov and Lemoine [4] who proved the uniqueness of weak 
solutions in the two dimensional setting for initial data a with d z a £ L 2 . The existence of a global, 
strong solution in the two dimensional setting was proved by the same authors as well as by Petcu, 
Teman and Ziane in m Section 3.4], The problem was revisited recently by Kukavica, Pei, Rusin and 
Ziane in [23]. The authors show uniqueness of weak solutions under the assumption that the initial 
data are only continuous in the space variables. It seems that all of the existing results concerning 
the well-posedness of the primitive equations are phrased so far within the L 2 -setting. One reason for 
this might be anisotropic structure of the nonlinear term in the primitive equations compared to the 
isotropic structure in the situation of the Navier-Stokes equations. 

In this article we develop an approach to the primitive equations within the L p -setting for 1 < p < oo 
and prove the existence of a unique, global strong solution to the primitive equations for initial data 
a £ Vi/ pj) for p £ [6/5, oo). Here, Vi/ pp denotes the complex interpolation space between our ground 
space X p and the domain of the hydrostatic Stokes operator, which are defined precisely in Section 
4. Choosing in particular p = 2, we note that our space of initial data Ki/ 2,2 coincides with the 
space V introduced by Cao and Titi in [8j (up to a compatibility condition due to different boundary 
conditions), see also 0 [13 iMl El] • Observe that V 1 / p , p H 2 / p ’ p (fl) 2 for all p £ (1, 00 ). Hence, choosing 
in particular p £ [6/5, 00 ) large, one sees that our main result extends the existing well-posedness results 
for the primitive equations to initial data a having less differentiability properties than H 1 ^). 

The strategy of our approach may be described as follows. In a first step we show that the solution of 
the linearized equation is governed by an analytic semigroup T p on the space X p . Here X p is defined as 
the range of the hydrostatic Helmholtz projection P p : L p (ki) 2 —> L p ( fl) 2 , which is introduced precisely 
in Section 4. This space can be viewed as the analogue of the solenoidal space L P (VL), which is very well 
known in the study of the Navier-Stokes equations. The generator of T p , denoted by — A p , is called the 
hydrostatic Stokes operator. We then rewrite the primitive equations equivalently in the form 


( 1 . 3 ) 


v'{t) + A p v(t) = P p f{t) 
u(0) = a. 


P p {v ■ V hv + wd z v), 


t > 0, 


Inspired by the Fujita-Kato approach to the Navier-Stokes equations, we consider the integral equation 


( 1 . 4 ) 


v{t) = e~ tA *a + f e-^- s)A ”(P p f(s)+Fpv(s))ds, 
Jo 


t > 0, 
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where F p v is given by F p v := —P p {y-X HV + wd z v). In Section 5 we will prove the existence of a unique, 
local, strong solution v £ C([0, T*]; Vi/ PtP D G((0, T*]; V^ lP ) to (11.41) for some T* > 0 and suitable 
7 £ (0,1) provided a £ Vi/ PiP = [X p , D(A p )]i/ p . It follows that v is even a local, strong solution to 
equation El, i.e. 

v £ C 1 ((0, T*];X p ) D G((0, T*]-, D(A p )) 

for all p £ (1, oo). Observe that D(A p ) 4F 2 ’ P (H) 2 F[ 1 (Q) 2 provided p > 6/5. Hence, one ontains 

the existence of a unique, global, strong solution to the primitive equations for a £ [X p , D(A p )]i/ p for 
p > 6/5 provided sup 0<t<T ||ti(t)||^ 2 (Q) is bounded by some constant B = H(||a||jy 2 (f 2 ), T) for any T > 0. 
Note that our proof for the global IL 2 -bound for v presented in Section 6 is based on L°°(L 4 )-estimates 
for v and shows that ||n(t)||// 2 (Q) is even decaying exponentially as t —>■ oo. 

Cao and Titi followed in their celebrated article [8] a different strategy: they showed that the local 
solution constructed there by different means satisfies a global Unbound. Their proof of the if 1 -bound 
was based on L°°(L 6 )-estimates for the fluctuating part v := v — v, where v denotes the vertical average 
of v (see (12.21) below). 

Finally, let us compare our choice of the boundary conditions El with the ones treated in the 
preceding articles described above. The first condition Eli on r u is a slip boundary condition (note, 
however, that this condition differs from the usual slip boundary condition based on the deformation 
tensor). The authors of [3 GEEJI21 suppose that G is a smooth domain in R 2 and impose slip boundary 
conditions also on Tb U T;. In this case, Av = A hv, where the bar means the vertical average as before. 
If in addition G is a square and T; is subject to periodic boundary conditions, we even have the stronger 
property that the hydrostatic Helmholtz projection P p commutes with the Laplacian. This implies that 
the hydrostatic Stokes operator A p is essentially the Laplacian. This setting is adopted in the analysis 
of [3 0 0 [H E3] and in m Section 3.6]. 

From the physical point of view it is natural to impose a no-slip condition of the form El 2 on the 
the bottom boundary Ff,; see also El Section 2.1], In this case, the commutator relation described 
above does not longer hold true. Kukavica and Ziane El supposed that G is a smooth domain and 
that Ti is subject to the no-slip condition. They then chose subintervals of [0,T] and integrated the 
associated differential inequalities on those subintervals. Their strategy was adopted by mm and 
also by Evans and Gastler ! 13] . 

In the present paper, we consider “boundary conditions for the ocean” on F„ U Tb of the form El- 
Since dtt is non-smooth, we assume G to be a square and introduce periodic boundary conditions on 
T; in order to avoid the corner singularity problem. Our approach for obtaining global U 2 -bounds for 
these or related boundary conditions is based on L°°(L 4 )-estimates for v and L 2 (L 2 )-estimates for V#7r. 
Adding the estimates for v, v z and V//T allows us then to apply a classical Gronwall argument, hereby 
avoiding delicate arguments needed for integrating the associated differential inequalities. 

As already mentioned above, our approach yields a smoothing effect for the solution v in the in¬ 
setting. In fact, we show that v £ C((0, oo); W 2,P (Q) 2 ) for p > 6/5 and that v even decays exponentially 
as t oo. 


2. Preliminaries 

Following Lions, Temam and Wang (26i[271 [28] and Cao and Titi [8], we start this section by rewriting 
the primitive equations given in EU> subject to the boundary conditions El in an equivalent manner. 
To this end, let us note that the vertical component w of u is determined by the incompressibility 
condition. More precisely, 

(2.1) w(x,y,z)= dw H v(x,y,()d(, {x, y) £ G, -h < z < 0, 

J Z 

where we have taken into account the boundary condition w = 0 on F„. The further boundary condition 
w = 0 on Tb gives rise to the constraint 


di vh v = 0 in G, 
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where v stands for the average of v in the vertical direction, i.e., 

r° 

(2.2) v( 


1 f 

(x,y) :=-J v(x, y, z) dz, ( x,y)eG. 


We observe that the averaging operator commutes with the tangential differentiation, i.e. we have 
Vij/ = Ve/ for all smooth functions /. Moreover, according to (11. lib , n can be identified with a 
function defined only in G. 

Therefore, problem CUED-CL3 is equivalent to finding a function v : Yl —> R 2 and a function 7r : G —>• R 
satisfying the set of equations 


(2.3) 


d t v + v ■ V hv + wd~v 


as well as the boundary conditions 


An + V h'x =/ inf2x(0,T), 

w = f°divffvd( in Yl x (0,T), 

divjjn =0 inGx(0,T), 

n(0) = a, 


(2.4) 


d z v = 0 
v =0 

v and 7r are periodic 


on T„ x (0,T), 
on T fc x (0, T), 
on T, x (0, T). 


In the following we will need a terminology to describe periodic boundary conditions. Let to £ N. 
We then say that a smooth function / : Yl —> R. is periodic of order m onYi if 
d a f N d a f ^ N , d a f, „ , d a f 


1 f d a f d a f d° 


(x,l,z), 


for all a = 0,..., m. If the two quantities above are anti-symmetric, then u is said to be anti-periodic. 
In the same way we define the periodicity of order m on dG for a function defined on G. Note that we 
do not consider any symmetry conditions in the z-direction, which is different from the cases studied in 
[SI IS 0 sm 123] and in m Section 3.6]. 

The Sobolev spaces equipped with periodic boundary conditions in the horizontal directions are 
defined by 


W™’ p (ff) := {/ £ W miP (YL) | / is periodic of order m— 1 on Tj}, 

W™’ P (G) := {/ £ W m ’ p (G) | / is periodic of order m-lon dG}. 

Of course, we interpret Wp£(G) as L P (G) and verify that 

G“ r ( Yl) = {/ £ | / is periodic of arbitrary order on T/}, 

G^ r (G) = {/ £ G°°(G) | / is periodic of arbitrary order on dG} 

are dense subspaces of IT™’ p (n) and W™’ P (G), respectively. 

Given a function / : Q —> R, we define its periodic extension Ef to fii := Gi x (—h, 0), where 
Gr := (—1/2, 3/2) 2 , by 

Ef{x + j/2,y + k/2,z):=f(x,y,z), (; x,y,z)eCl , k,j £ {-1,0,1}. 

Notice that Ef is well defined in Gi and Ef £ W m ’ p (Yli) provided / £ In this case, 

l|I^/llvE m ’P(ni) = 2 2 ||/||w m .p(n). Similarly, we define the periodic extension of a function / : G —> M and 
we assign to it the same symbol Ef. Note that E commutes with the vertical averaging operator, i.e., 
~Ef = Eu. 

Next, we introduce a cut-off function x G Gq°(Gi) in such a way that x = 1 in G. If / £ W™’ p (n), 
then X-®/ £ W m,p (Qi) and the same relation also holds when Yl and f2i are replaced by G and Gi, 
respectively. It follows that 


(2-5) llx-E , /llw m ’P(ni) < Cn\\f\\w m ’P(n), llx-E : /lliv m .r(Gi) < CG\\f\\w m 'P(G) 

for some constants Go and Cq- Extending x^f by zero, the extension can be identified with an element 
of W rn ' p (Ylif) or W m ’ p (]R 2 ), respectively, depending on whether / is defined on Yl or G. Here, YIl denotes 
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the infinite layer VLl := R 2 x (— h, 0). We also choose a second cut-off function \ G Gq°(—/ i, 0) in such 
a way that f_ h x dz = h. 

Poincare type inequalities are frequently used in the subsequent sections. Let us recall from m 
Section II.5]) that 

ll/IU*(fi) <C P \\Vf\\ LH n), f GW 1 ’ p (ft)J = OonT u onT b , 

[ ’ WfhHG) <C p \\V H f\\ LP{ G), feW^(G)nL p 0 (G). 

for some constants C p . Here, for an open set M C R ra (n = 2, 3), Lq(M) is defined by Lq(M) := {u £ 
L P {M) | f M v = 0}. We also set W 0 1 ,P (M) := {u £ W 1,P (M) \ r yv = 0 on dM}, where jv denotes the 
trace of v. With some abuse of notation, 7 is often omitted in the following. Finally, given / £ L p (Ll), 
it follows that / £ L P (G) and that 

(2-7) ll/IUnc) ^ h~ 1/p \\f\\ LP (n), h > 0. 

Some further words about our general notation are in order. We denote by div# and Vh the horizontal 
divergence and gradient, i.e. div#/ := d x f + d y f and Vnf := (d x f, d v f) T for all smooth functions /. 
The dual space of a complex Banach space X will be denoted by X* and the pairing between X* and 
X is written as (•, -) x . If Y is also a Banach space, then C(X, Y) denotes the set of all bounded linear 
operators from X into Y. Given a linear operator A in X , we denote by g(A) its resolvent set in C. 


3. The resolvent problem in the L p -setting 


In this section we study the resolvent problem associated with the linearization of (12.31) within the 
L p -setting. More precisely, let A £ E x _ e := {A £ C : |argA| < n — e} for some e £ (0, 7 t/ 2 ) and 
/ £ L p (Ll) 2 for some 1 < p < 00 . Consider the equation 

/ o-\\ Ap — Av + Vij 7 r =/ in Cl, 

' ' ' di vh v = 0 in G, 

subject to the boundary conditions 

(3.2) d z v = 0 on r u , v = 0 on r b , v and n are periodic on T;. 

The functions considered in this section are regarded to be complex-valued. 

It is the aim of this section to establish the following resolvent estimates for equations (13.11) and (13.21) . 

Theorem 3.1. Let A £ E T _ £ U {0} for some £ £ ( 0 , 7 r/ 2 ). Moreover, let p £ (l,oo) and f £ L p (fl) 2 . 
Then equations (ED and ED admit a unique solution (v,tt) £ Wp^(H ) 2 x Wp£(G) tl Lq(G) and there 
exists a constant C > 0 such that 

(3.3) |A| |M|i,P(n) + IMIw 2 .i>(Q) + ||7r||w 1 .p(G) < Cll/lli^n), A £ U {0}, / £ L p (Ll) 2 . 

Let us remark that, by interpolation, we also obtain under the above assumptions an a priori estimate 
for H'l'Hiv 1 .*’ °f the form 

|A | 1/2 IMkuP(n) < C\\f\\ LPi n), A £ E w _ £ U { 0 }, / £ L P (B) 2 . 

We subdivide the proof of Theorem 13.11 into two subsections, the first one dealing with the situation 
of p = 2 and the second one with the general case p £ (1, 00 ). 


3.1. The L 2 case. We start by deriving a weak formulation of the problem (13.11) (13.21) . To this end, 
we introduce the function spaces V and W associated with the velocity and the pressure of the fluid by 

V := £ tfp 1 ^) 2 : <P = 0 on T b }, W := L 2 (G). 

Note that V and W are closed subspaces of H 1 ^) 2 and L 2 (G ), respectively. If (v,7 r) is a classical solu¬ 
tion of (|3JJ (|3^_2J) . then multiplying (jthlj) ^ and ed 2 by test functions (ip, (j>) £ V x W and integrating 
over fl, we obtain 


(3.4) 


K v ,v)l*{Q) + (Vv, Xp) L 2 {n) - (p, div H <p)l*(G) = (/,vOl 2 (n) 

-(</>, div H v) L 2( G ) = 0 


t e V, 

e n, 
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where (-,-)t 2 (G) means the L 2 (G) inner product for either scalars, vectors, or matrices. Conversely, if 
(i>,7r) is smooth and satisfies (13.411 . then it defines a classical solution of (13.111 (13.211 . 

Assuming / £ V*, we rephrase equation (13.411 as 


(3.5) 


a A (n, p) + b( 7T, p) = (/, p) v , 

K&v) = 0 , 


p&v 7 

<j>£W. 


Obviously, a\ : V x V —> C and b : W x 1/ —>• C are bounded sesquilinear forms. In the following lemma 
we show the coerciveness of a and the inf-sup condition for b. 


Lemma 3.2. Let £ £ (0,7r/2) and A £ U {0}. 

a) There exists a constant C > 0 such that 

\ a \{ViT)\ > CG'MIMli^n) + Ill’lly), p £ V. 

b) There exists a constant C = Cq > 0 such that 

C\\cj)\\w < sup (j)£W. 

<p€V \\p\\v 

Proof, a) The elementary estimate |sA + t| > sin(e/2)(s|A| +t) for s,t > 0 applied to the form a(v,v) = 

•^IMIi 2 (n) + HVu||| 2(n ) yields, combined with Poincare’s inequality, the conclusion. 

b) It is well-known (see e.g. (OH p. 81]) that, given (j> £ W, there exists p £ Hg(G) 2 such that 

(3.6) C{G)U\\ W < 

We now set p(x,y,z) := x(z)p(x,y) where X denotes the cut-off function introduced above in Section 
2. It then follows that p £ V, that ||^||v < C(^)II < ^IIh 1 (G) an d that p = p. In particular, we have 
div# p = div# p, and (13.61) yields the desired estimate. □ 


The following result follows from the above observations and the Babuska-Brezzi theory on mixed 
problems (see e.g. [IB] Corollary 1.4.1]). 

Proposition 3.3. Let f £ V*. Then there exists a unique solution (v,7r) £ V x W of equation (13.51) 
and a constant C > 0 such that 

\Mv + Mw<C\\f\\ v .. 

Remark 3.4. Let us remark at this point that the theory presented in [T8] is proved for real Hilbert 
spaces. However, its extension to the complex case is straightforward and can be done without any 
essential modifications. 


Proof of Theorem \3.1\ for p = 2. In order to simplify our notation let us write C = C e . Choosing p = v 
in equation (13. 51^ . we obtain from Lemma l3.2h f 

CI^IIMlLqn) < K^)l < ll/IU 2 (fi)IMU 2 (n)> 

which gives |A|||u|| L 2 (n) < C'||/|| L 2 (n) . 

In order to show H 2 -H 1 estimates for v and 7r, we apply the method of difference quotients. In 
fact, fix i = 1 and let 5 £ R\{0} be such that |<5| is sufficiently small. We define a difference quotient 
operator D$ by Dsf(x,y,z ) := P x +s,v,z)-f(x, y ,z) ^ pj s j n g ^he p er i 0 di c extension operator E, we obtain 
an integration by parts formula of the form (/, D-s{Eg))L 2 {M) = (Ds(Ef), g)L 2 {M) where M is SI or G. 
Furthermore, if f £ Rp er (H), then 

\\Ds(xEf)\\ L 2 (n L ) < \\d x (xEf) \\mn L ) < C'(||/|U 2 ( n ) + ||S*/|U 2 (n)), 
so that \\Ds{Ef)\\ L 2 ( n) < C\\f\\ H i (n) . 

After this preparation we choose D_s(Ep) as a test function in (13.51) x and deduce 
(3.7) a\(D s {Ev),p)+b(D s {ETr),p) = (f,D- S (Ep)) L 2 {Q) , p £ V. 
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Next, we take kp = Dg(Ev) £ V in (13.711 . By (13.511 ., . the second term on the left hand side above vanishes 
and Lemma l3.2h ) implies that 

C\\Ds(Ev)\\y < \a x (D s (Ev),D 5 (Ev))\ < \\f\\ L 2 {Q) \\D_ s D s (Ev)\\ L 2 {Q) < C\\f\\ L 2 {n) \\D s (Ev)\\ v , 


which imples ||Da(i?i;)||iji(o) < C||/||£ 2 (n). Combining Lemma [3^2b l with (13.711 . we obtain 


C\\D s (Et:)\\ w < sup 

<p£V 


\(f, Ds(Eip)) - (An, Ds(Eip)) - (VD s (Ev),V(E<p))\ 
Mv 


which is bounded by C\\f\\ L 2 ^y Here (•,•) means (-,-)i. 2 (0)- Letting h — > 0 yields d x v £ iL 1 (H) 2 and 
d x Tr £ L 2 (G) with norms being bounded by G||/||l 2 (q). 

The same computation as above for * = 2 leads to V#v £ iL 1 (H) 2 and V#7r £ L 2 (Q) 2 . It also 
follows that v and 7r are periodic on F/ and dG with order 1 and 0, respectively. Finally, (13.11) 1 implies 
— d 2 v = f — \v + Ahv — V#7r S L 2 (fl) 2 . Hence, v £ H 2 el (Q) 2 and 7r £ iFp er (G). The proof of Theorem 
ETT1 for the case p = 2 is complete. □ 


3.2. The case 1 < p < oo. In the following we extend the results of the previous subsection to the case 
where p £ (1, oo). 

Following the strategy introduced in [33j pp. 281-282], we reduce the problem (13.11) (13.21) to the two- 
dimensional Stokes equations and the Poisson equation. In fact, taking the vertical average in equations 
(I3T1) (1T21) . we see that 


(3.8) 

where d z v\r b 
the equation 

(3.9) 


An - A h v + V#tt =f~\d z v |r b 
div# v =0 


in G, 
in G, 

v and 7T are periodic on <9G, 


of d z v to Ft,. 

If 7 r 

is known, 

the 

function 

Xv — Av 

= / 

- V#7T 

in 

a 

d z v 

= 0 


on 

r„, 

V 

= 0 


on 

r&, 


v is 

periodic 

on 

r,. 


It is easy to see that (13.81) (13.91) are equivalent to (13.11) (13.21) . 

From now on we eliminate the periodic boundary conditions by focusing on (xEv, yUrr) rather than 
on Recalling that x is independent of z, we verify that (xEv, xEn) is satisfying the equations 

(3.10) 

A (xEv) - A h (xEv) + V h(x e ^) = X E f - 9 z (x E v)\r b2 ~ 2 V#x • V H (Ev) - (A hx) e v ~ {^/hx)Ett 
div h (xEv) = V H x ■ Ev 

on G 2 together with \Ev = 0 on 9 G 2 , and that xEv is satisfying the equations 

A (xEv) - A (xEv) = xEf - x^h(Ett) - 2V#y • V H {Ev) - (A hx)Ev in fl L , 

(3.11) d z (xEv) =0 on {2 = 0 }, 

XEv = 0 on {2 = —h}, 

where Gi is a bounded smooth domain in R 2 containing G\ and = dGi D {z = —h}. 

The above two sets of equations are regarded as resolvent problems for the two-dimensional Stokes 
equation in G 2 and for the Laplacian with mixed boundary condition on llj,. Resolvent estimates for 
these two problems are known within the L p -setting. More precisely, the following resolvent estimates 
hold true. 


Lemma 3.5. 114], Theorem 1.2], [l] Lemma 3.3]. Let A £ T, n _ e U {0} for some e > 0 and 1 < p < 00 . 
a) Let f £ L P (G 2 ) 2 and g £ W 1,P (G 2 ) nLg(G 2 ). Then there exists a unique £ W 2,P (G 2 ) 2 x 

W 1 ’ p (G 2 )nL p 0 (G 2 ) satisfying 


Xv — Ahv + V#7r = / in G 2 , div# v = g in G 2 , 


v = 0 on dGi- 
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Furthermore, there exists a constant C > 0 such that 

l'MIM|iJ>(G 2 ) + IMIlV 2 ’P(G 2 ) + ll 7r llvE 1 .P(G 2 ) < C(II/IIlp(G 2 ) + llfllllV 1 'P(G 2 ) + I'M11 ^ 11 1 ,p (G 2 ))' 
b) For f £ L p {fl L ) 2 there exists a unique u £ W 2 ,p (Ql) 2 such that 

Xv — Av = f in VLli d z v = 0 on {z = 0}, v = 0 on {z = —h}. 

Furthermore, there exists a constant C > 0 such that 

lAMMliPfn!,) + \\v\\w 2 ’P(n L ) < C\\f\\ L p{n L )- 

Based on this preparatory work, we are now in the position to start the proof of Theorem 13. f I for 
general p £ (1, oo). We begin with the uniqueness assertion. 

Lemma 3.6. Under the assumptions of Theorem \3.1\ let £ W 2 £(fl) 2 x HWf(G) PI L P (G) be a 

solution of (13.Ill (13.211 for f = 0. Then v = n = 0. 

Proof. Let us recall from the above Subsection 13.fl that the assertion for the case p = 2 was already 
proved there. From this the case 2 < p < oo is obvious. Note that for the case 1 < p < 2, it suffices to 
show that (v,n) £ p[ 2 {fl) 2 x iJ 1 (G). The assertion follows then by the following bootstrap argument. 
By assumption, \Ev and x^ 77 solve (13.101) (13.fill . By Sobolev’s embedding theorem, equation (12.71) 
and the trace theorem, each term on the right hand side of (13.101^ belongs to L Pl (G) where p± = 
2p/(3—p) > p. Moreover, the right hand side of (13.10IU belongs to kF 1,Pl (G 2 ), again by the embedding 
theorem. Hence, Lemma [3.5k f leads to x^ 77 G l / F 1,Pl (G 2 ). This yields moreover that the right hand 
side of (13.111^ belongs to L Pl (fl]f) 2 . Therefore, Lemma l3.5b ) implies that x^v £ W 2,Pl (UL]f) 2 . By 
restriction, £ W 2,Pl (fl) 2 x W 1 ’ Pl (G). We finally repeat this procedure and after finitely many 

steps, the number of steps depends only on p , we obtain (u,7r) £ P[ 2 (fl) 2 x il 1 (G). □ 

Next, we establish the resolvent bound given in Theorem 13.11 assuming the existence of a solution. 

Proposition 3.7. Under the assumptions of Theorem ] 3. 1[ let {v,n r) £ W 2 ^ p .{fl) 2 x HWf(G) nig(G) be 
a solution of (13.11) (13.21) . Then estimate (ED follows. 

Proof. We subdivide the proof of Proposition 13.71 into two steps. 

Step T. The resolvent estimate given in Lemma l3~5h ) applied to equation (13.101) yields 

l|Vff(x£7r)|Up ( c 2 ) < G(||x-E/||lp(g 2 ) + \\d z {xEv)\\ LP (T b2 ) + \\Ev\\ w i, P ^ Gl ) + ||-E7r|| iP ( Gl )) 

+G||V ffX ' -E’w||iv 1 .p(Gi) + C'|A|||Vijx • E v\\ vv-i,p(g 2 )j 

where we have used the fact that suppy C Gi. Therefore, by ED, ED and the trace theorem 

(3.12) ||Vjj(x£ , 7r)|| I ,p(G 2 ) < G(||/|| L p(o) + ll^llvtxi+i/*>+‘S.p(o) + ll 7r llip(G) + l'MIMIw 1 ’i>'(n)*)> 
where 6 > 0 can be chosen arbitrarily small. In view of the fact that 

\\(V HX )Eir\\ LP(G2) < G||7r|| iP ( G ) < C\\V h ^\\lp(G) < C\\V H (x E7T )\\ lp(g 2 ), 

we find that \\xE7 h{Et 7 )\\lp(g 2 ) is also bounded by the right hand side of (13.121) . 

Next, applying Lemma IfTSb l to the equation (13.111) gives 

I^IIIX-^lliHfii) + \\x E v\\ W 2 ,p(n L ) < C(\\xEf\\ L p(Q. L ) + \\x^ h(Ett)\\ L p^g 2 ) + ||^||w 1 .p(q 1 ))- 

By the estimates for 7r and E, and restricting x Ev and X El7 t° ^ and G, respectively, we arrive at 

(3.13) 

l'MIMI.LP(n) + IMIw 2 .p(n) + ll 7r llw 1 ’P(G) < G(||/|| iP (o) + IMIvyi+i/p+s.Pfn) + IMIlhg) + l'MIMIwTp'(n)*)- 

Step 2: We prove by a compactness argument that the terms on the left hand side of (13.131) can indeed 
be dominated only by C||/||z, P (n). We argue by contradiction and assume that (13.31) is not true. Then 
there exist sequences (vj,7Tj) £ W 2 ^(fl) 2 x WjbP(G) D L P {G), (Aj) £ U {0} and (fj) £ L p (fl) for 
j £ N such that 

(3.14) A jVj — A Vj + V H'Xj = fj in fl, div# ijj = 0 in G, d z Vj = 0 on T„, Vj = 0 on Tf,, 




















and 

(3.15) 
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\\^j v j IUp(fi) + ll^i \\w 2 ’P(Q) + IKjllw^IG) = 1) 3 G N, and 

ll/tll-L^n) -> o as j —• y °°- 

By (13.151) . there exist weakly convergent subsequences (vj) (still denoted by the same symbol) such that 
v'j := XjVj — k v', Vj —*• v, and 7 Tj —>■ 7r for some t/ £ L p (fl) 2 , v £ WA p (fi) 2 , 7r £ Wp^?(G). 

Observe now that the embeddings W 2,p (fl) 2 ^ kb 1+1 / p+<5 ’ p (fi) 2 , IF 1,P (G) L P (G) and L p (fl) 

W 1,p (fi)* are compact. Hence, the estimate (13.131) yields that (v^), ( Vj ), ( 7 Tj) are Cauchy sequences in 
L p (tt) 2 , IF 2 ’ P (H) 2 , kF 1,p (G), respectively, with respect to the strong topology. Consequently, («'.), ( vj ), ( 70 ,) 
are strongly convergent, which combined with (13.151) implies + |MI w 2 ’P(n) + IMIwujqG) = 1- 

On the other hand, considering the limit j —> 00 in (13.141) . we obtain 

(3.16) 7 / — Av + V ff 7T = 0 in H, div# v = 0 in G, cLt; = 0 on r u , u = 0 on 

and also div# 7 / = 0. We now distinguish two cases. Assume first that the sequence (A j) is bounded. 
By taking a subsequence again if necessary, we may assume A j — » A £ E T _ e as j — >00. Hence v = Xv. 
By Proposition 13.61 v = n = 0. Secondly, assume that | X ? \ — >• 00 . Then v = 0. Taking the vertical 
average and applying the horizontal divergence in the first equation of (13.161) leads to A#7 t = 0 in G. 
By the unique solvability of this equation, see Proposition 14.21 below, we have 7r = 0 and thus v' = 0. 
We hence achieved a contradiction in both cases, which implies that estimates (13.31) holds true. □ 

Finally, we prove the existence of a solution. 

Proposition 3.8. Under the assumptions of Theorem \3.1l there exists (v,tt) £ W 2 £(tt) x W^{G) D 
Lq(G) satisfying (13.11) (13.21) . 

Proof. We recall from Subsection l3.1l that the casep = 2 has already been proved there. In the following, 
we prove the assertion either by a bootstrap argument for 2 < p < 00 or by a density argument for 

1 < p < 2. 

Assume, for the time being, that 2 < p < 4. Then / £ L 2 (fl) 2 and there exists a solution (v,tt) £ 
U 2 er (H) 2 x Up er (G) D Lq{G) to (13.11) (13.21) . Hence, equations (13.101) (13.111) have a solution as well. By 
the Sobolev embedding and the trace theorem, each term on the right hand side of (13.101^ belongs to 
L 4 (G 2 ) (note that the trace {d~-)\ z --h maps H 2 (G 2 x (—h, 0)) into L 4 (G 2 )). We also see that the right 
hand side of (13.10IL lies in W 1,P (G 2 ). Applying Lemma I3.5h l , we deduce xEn £ W 1,P (G 2 ). Thus, 
each term on the right hand side of (13.111^ lies in L p (f2), which combined with Lemma f3.5b ) implies 
\Ev £ W 2 ’ p (XIl) 2 ■ By restriction we obtain (v,tt) £ VF 2 ^!!) 2 x Wp^ p (G) D Lq(G). 

We now repeat the argument for 4 < p < 00 in order to conclude that the solution constructed in 
the L 2 -framework admits W 2,p -W 1,p regularity. 

Finally, let 1 < p < 2. Then exists a sequence ( fj ) C L 2 (fl) 2 such that fj —)> / in L p (fl) 2 . For each fj 
we find a solution (vj , 7Tj) £ H 2 el (tt) 2 x 7Jp er (G) DLq(G) of (13.11) (13.21) . By Proposition l3.71 (vj,TTj,fj) 
admit an estimate of the form (13.31) . Hence, ( Vj,nj ) is bounded in kF 2,p (H) 2 x W 1,P (G). Extracting a 
weakly convergent subsequence, we see that its limit is a solution of (13.11) (13.21) for /. □ 

Finally, combining Lemmas 13.61 with Propositions 13.71 and 13.81 the proof of Theorem 13.II is complete. 

4. The Hydrostatic Stokes operator 

In this section we introduce the hydrostatic Helmholtz projection and the hydrostatic Stokes operator 
within the L p -setting. They can be viewed as the analogue of the classical Helmholtz projection and 
the classical Stokes operator, now, however, in the situation of the primitive equations. We will prove 
in Proposition 14.41 that the hydrostatic Stokes operator generates a bounded analytic semigroup on the 
subspace X p of L P (H). The space X p is strongly related to the hydrostatic Helmholtz projection, which 
we will introduce in the following. The hydrostatic Stokes operator and the associated hydrostatic 
Stokes semigroup will be of central importance in the construction of a unique, global strong solutions 
to the primitive equations later on. 
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As in the case of the classical Helmholtz projection, the existence of the hydrostatic Helmholtz 
projection is closely related to the unique solvability of the Poisson problem in the weak sense. In our 
situation, the equation A#7 t = div#/ in G subject to periodic boundary conditions plays an essential 
role. We begin with the situation of Dirichlet boundary conditions for domains with smooth boundaries. 
Before doing this let us note that for 1 < p,p' < oo with 1/p + 1/p' = 1 we have 

W- 1 ’P(G 2 ):=W 1 ’P / (G 2 )* and W 1 *(G 2 ) := {/ G Lf' c (G 2 ) : V H f S L P '(G 2 ) 2 }. 

Since W 1,p (G 2 ) can be identified with a subspace of W 1,p (G 2 ) (see e.g. HU p. 609]), we see that 
W 1 ’P'{G 2 )* C W~^ p (G 2 ). 


Lemma 4.1. Let p G (l,oo) and f € {Wq’ p (G 2 ) 2 )*. Then there exists a unique 7 r G Wq' p (G 2 ) such 
that (VfT7r, H<t>) lv‘(G z) = (/> &)w 1 '*'(G 2 ) f or a ^ ^ ^ W o P Furthermore, there exists a constant 

G > 0 such that ||7r|| w i, P(G) < G p ||/|| i, p < (G2) .. 


Proof. In view of the inf-sup condition 

C(G 2 ,p) Ikll W 1 ’P(G 2 ) < SU P 

0GW o 1 ' p '(G 2 ) 


(V ff 7T, V H<t>) L p> (G 2 ) 


M 


7T € Wt’ p (G 2 ), 


W4 


(G 2 ) 


(for a proof see e.g. [32] Theorem 6.1]), the assertion results from the generalized Lax-Milgram theorem; 
see e.g. PU Theorem 2.6]. □ 


We now turn our attention to the case of the periodic boundary condition. 

Proposition 4.2. Let p G (l,oo) and f G L P (G) 2 . Then there exists a unique 7 r G W// P r (G) D Lq(G) 
satisfying 

(4.1) (VH7r,V^)^ (G) = (/,V^) L P (G) , f> G W’pe?'(G) n Lq (G). 

Furthermore, there exists a constant C > 0 such that 

(4-2) lkllw 1 .p(G) < C\\f\\ LP{G ), f S L P (G) 2 . 

Proof. The strategy of our proof is similar to the one given in the proof of Theorem 13.11 Observe first 
that when p = 2, the theorem follows immediately from the Lax-Milgram theorem. 

Next, we consider the case where p G (1, 00 ). We first prove the uniqueness property. This is obvious 
provided p > 2. When 1 < p < 2, it suffices to show that if 7r G W/ ,P /{G) fl Lg(G) is a solution to (14.11) 
for / = 0, then 7r G H 1 (G). To this end, we derive a variational equation of which xE'x is a solution. 
Observe that Ett g Wp^(Gi) satisfies (Vh (Ett), ^h 4>) lp '^ Gl ) = {Ff^H(f) L p'( Gl ) f° r $ G W'pe? (Gi). 
By choosing x4> as a test function for cj> G W 0 1,p (G 2 ), we find that xEn G Wq’ p (G 2 ) satisfies 

(4.3) (V ff (x^7r),Vff^) L1 ,- (Ga) = (xEf + 2 EttVhX, ^ h<!>) L p' { g 2 ) + (Vj?X ' Ef + A H xEn,(j)} L p^ G2) ■ 

Define the functional F G Wq (G 2 )* by the right hand side of (14.31) . Recalling that / = 0, we obtain 
F G WbPi(G 2 )*, where pi := 2p/(2 — p) > p due to the Sobolev embedding W 1,P (G 2 ) L Pl (G 2 ). 
We hence may apply Lemma [4.11 to deduce that xE'x G W 1 ’ Pl (G 2 ). By restriction, n G W 1,P1 (G). 
Repeating this procedure finitely many times, we see that 7r G H 1 (G) and hence, uniqueness is proved. 

We now prove (14.21) by assuming that 7r G HWp(G) D L p (G) solves (14.11) . Knowing that xE'x solves 
(14.31) . Lemma 14. II implies 

IMI W 1 -P(G) < Ilx- E 7 r llW'.ffGa) < C \\ F \\ W y(G 2 )* 

< G(||x^/|Up(g 2 ) + \\E-xy hx\\lp(g 2 ) + ||VffX • ^/IIlp(g 2 ) + \\AhxEtt\\ L p(g 2 )) 

< C(ll/l|iP(G) + IMIlp(G))- 

Due to the compactness of the embedding W 1 ’ P (G) c —> L P (G) and due to the uniqueness property proved 
above, we may omit the second term on the right hand side of the above estimate. 
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Finally, we prove the existence of a solution, addressing the two cases 2 < p < oo and 1 < p < 2 
separately. For the time being, let 2 < p < oo. Since / £ L 2 (G) 2 , there exists a solution ir £ H pel (G) 
to equation (ED- By Sobolev’s theorem, 7r £ L P (G). The functional F given above hence belongs to 
Wq’ p (G 2 )*. Lemma ITT1 implies that X-EV £ W 1,P (G 2 ) and hence n £ W 1,P (G). 

Consider finally the case where 1 < p < 2. By density, there exists a sequence (/',-) C L 2 (G) 2 such 
that fj —» / £ L P (G) 2 . We associate to each fj a solution 7Tj of (Id.111 . Thanks to (14. 21) . the sequence (7Tj) 
is bounded in kF 1,p (G). The limit of a weakly converging subsequence constitutes a desired solution. 
This completes the proof of Proposition 021 □ 

The above Proposition 14.21 allows us the define the hydrostatic Helmholtz projection P p : L p (Ll) 2 —» 
L p (Ll) 2 as follows: given v £ L p (Li) 2 , let it £ HW p (G) PI L P (G) be the unique solution of equation (14.11) 
with f = v. We then set 

(4.4) P p v := v — V//7T 

and call P p the hydrostatic Helmholtz projection. It follows from Proposition 021 that P 2 = P p and that 
thus P p is indeed a projection. 

In the following we define the closed subspace X p of L p (Ll) 2 as X p := RanP p . This space will play 
the analogous role in our investigations of the primitive equations as the solenoidal space L p (Ll) plays 
in the theory of the Navier-Stokes equations. We denote by vqq the outer unit normal assigned to dG. 

Proposition 4.3. Let p £ (l,oo). Then the space X p coincides with the following subsets of L p (LI) 2 : 

a) := {v £ L P (G) 2 : (v,X H 4>) LP ' {G) = 0 for all <f £ W^ p '(G)} 

b) X 2 := {v £ L P (G ) 2 : div# v = 0 and v ■ vq G is anti-periodic of order 0 on dG}; 

c) X^ := ^ P(n) , where 

V = {u £ G“ r (H) 2 : divf/ v = 0 in G, suppu cGx (— h, 0)}. 

Proof, a) We prove that X p = X p . If v £ X p , then Proposition 14.21 leads to P p v = v, so that v £ X p . 
Conversely, every v £ X p is represented as r = / - Vff7r where / and 7r are satisfying dED, which is 
equivalent to (v, VH<f>) LP 'r G ) = 0 for all (j> £ W p £'(G). Hence v £ X p . 

b) We prove that X ^ = X 2 . To this end, let v £ X*. Since Gq°(G) C (G), it follows that 

div# v = 0 in the sense of distribution. Thus v ■ vg G is a well defined element of VF 1_1 / p ,p (dG)* by the 

relation 

(4.5) (v ■ Vg Gl 4 , )w 1 - 1 / pl ’ p '(dG) = Ob ^H4>)lp 1 (Qj , <t> £ bF pc p (G). 

Let Gi = G C {xi = 0} for i = 1,2, where X\ and x-i mean x and y respectively, be the one dimensional 
section of G. By extending arbitrary <j> £ G“(Gj) constantly along the direction Xi, we may regard 
(j) £ G“ r (G). Choosing this (j> in (14.511 we obtain 

( iV ’ v dG) l{a,i=0}, < / > ) qoo T ((u • Vg G ) I {xi=l}, f’) c^°(Gi) 

which implies that v ■ vg G is anti-periodic of order 0 on dG. Hence v £ X 2 . 

Conversely, let v £ X 2 . Note first that divjji; = 0 implies (14.51) . On the other hand, since v ■ vg G is 
anti-periodic and <\> in (14.511 is periodic on dG , it follows that 

2 

(v ■ Vg G , </ > )w 1 - 1 /p'-p'(aG) = {dGC\{xt= 0}) + ' v dG, ( t ) )w 1 - 1 /p l ’P'(dGn{xi= 1 }) 

i=1 

equals zero. Therefore, h4>) lp' {G = and th us v £ ^ P ■ 

Before showing c) we claim that (X^)* = X p ,. In view of the canonical inclusion X p , C L p (G) = 
L P (G)* C X p *, it suffices to show that X p * C X pl . Given F £ X p *, we extend it by the Hahn-Banach 
theorem to a functional on (L P (G) 2 )*, which is represented by a function / £ L p (G) 2 . Now Proposition 
14.21 guarantees that P p ' f £ X p t = Xp, is determined independently of the way F is extended, which 
proves the assertion. 
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We finally prove that X p = X p . Since V C X p = X p , we see that X p C X*. Suppose that X p ^ X*. 
Then, by the Hahn-Banach theorem, we find 0 ^ F £ (X p )* such that (F,v) x 1 = 0 for all v € V. As 
already observed above, F is represented by a function / £ X pl . Choosing d z v as a test function, we 
see that / is independent of 2 . 

For arbitrary v £ C^. (G) := {u £ C^ r (G) |div# i; = 0} we have v(x,y,z) := \(z)v(x,y) £ V, so 
that 


0 — {It v )lp(SI) — (/ ’ v) Lp(G) ’ V £ ^per,cr(G). 

By de Rham’s theorem in Lemma III. 1.1], there exists n £ W 1,p ( G ) such that / = Vh7t. It follows 
that (n, v ■ VdG)LP(dG) ~ 0 for all v £ C“ r (G), which implies 7 r £ W p g. ( G ). However, V#7r = / £ X p / 
results in (Xnfi) lp(G) ~ 0 for (G), which combined with Proposition 14.21 leads to 

7r = 0 and thus / = 0. This contradicts F ^ 0 and hence X p = X p . □ 


The hydrostatic Helmholtz projection P p defined as in (Id.411 allows us to define the hydrostatic Stokes 
operator as follows. In fact, let 1 < p < 00 and X p be defined as above. Then the hydrostatic Stokes 
operator A p on X p is defined as 

( A p v := —PpAv 

| D{A p ) := {u £ Wpe^(H) 2 : div# v = 0 in G, d z v = 0 on T u , v=0 on T fa }. 

The resolvent estimates for equation m and (13.211 given in Theorem 13.11 yield that —A p generates 
a bounded analytic semigroup on X p . More precisely, we have the following result. 


Proposition 4.4. Let 1 < p < 00 . Then the hydrostatic Stokes operator —A p generates a bounded 
analytic Co-semigroup T p on X p . Moreover, there exist constants C, /3 > 0 such that 

(4-7) \\T P (t)f\\x p <Ce-^\\f\\ Xp , t> 0. 

Proof. Let A £ U {0} for some e £ (0, n/2) and / £ X p . Then there exists u £ D(A P ) satisfying 
(A+A p )w = / if and only if equation (13.111 admits a unique solution (v, ir) £ W p ^(Tl) 2 x W p fP{G)PL p (G). 
Hence, U {0} C g{A p ) and by Theorem 13.11 there exists a constant C > 0 such that 

||A(A + A) 1 1|£(.y p ) — G, A££ 7r _ e U{0}. 

Note further that A p is densely defined since D(A P / ^ P(S2> = x p , which follows from V C D(A P ) 
and Proposition 14.31 Furthermore, A p is closed since g(A p ) ^ 0. The assertion thus follows from the 
generation theorem for analytic semigroups, see e.g. [3]. □ 

Remarks 4.5. a) We remark that due to Theorem 13.11 the graph norm ||w||d(a p ) = IMIw + \\Av\\ Xp 
of D(A p ) is equivalent to the W 2,p (fl) 2 -norm. 

b) The theory of analytic semigroup implies that there exist constants C, /3 > 0 such that 

(4-8) \\T P (t)f\\ D{Ap) < Ct- x e-^\\f\\ Xp , f€X p ,t> 0, 

(4-9) \\T P (t)f\\ D{Ap) < Ce-^\\f\\ D{Ap) , f £ D(A P ), t > 0. 

c) The adjoint A p of A p equals A p :. In fact, integrating by parts we obtain (A p iu,v) x = (u,A p v) x 
for u £ D(A P ') and v £ D{A p ). Hence, A p i C A*. In order to show the reverse inclusion, let u £ D{A p ) 
and / £ X p . By Theorem 13.II we find u £ D{A p :) and v £ D(A p ) such that A p iu = A*u £ X* = X p i 
and A p v = f. It follows that 

(«>/)*, = (v, a pv) X p = ( a p'U,v)x p = (A* p u,v) Xp = ( u,A p v) Xp = {u,f) Xp , 

which implies that u = u £ D(A p >). Hence, A* C A p t. 

The following mapping properties of T p (t) = e~ tAp related to complex interpolation spaces will be 
important in the subsequent sections on the nonlinear problem. For 0 < 6 < 1 and 1 < p < 00 , we 
denote by 

(4.10) 


Vg, p := [Xp,D{A p )]e 
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the complex interpolation space between X p and D{A P ) of order 9. For more information on interpola¬ 
tion theory, see e.g. [2]. We then obtain the following result. 


Lemma 4.6. Let 0 < 9, 61,62 < 1 and assume that 9\ + 62 < 1. Then the following assertions hold. 

a) V e , p cH 2 e ’P(n) 2 . 

b) There exists a constant C > 0 such that 

\\e~ tAp f\\v Sl+ e 2 ,p < Ct-^e-^WfWv^, f £ Ve 2 , p ,t > 0. 

c) t ei \\e~ tAp f\\vg 1 + e 2 , P -A 0 as t -a 0. 


Proof, a) This follows from the facts that X p C L p (Ll) 2 , D(A P ) C W 2 ' p (Ll ) 2 and [L p (Ll),W 2 ’ p (Ll)]g = 

H 28 ’ p (n). 

b) Interpolating (14.811 and (14.91) we obtain 


(4- 11 ) ll e tAp a \\ D ( A p ) < Ct 6 e Pt \\ a \\ [XpMAp)]l _ e . 

Interpolating between (14.71) and (14.111) . the reiteration theorem implies for 0 < r < 1 
\\ e ~ tAp a \\[ x p , D { A p )\ P < Ct ~ eTe ~ l 3 t \\ a \\[ x p ,[ x p , D ( A p )] 1 _ g] T 
< Ct - 9 T e ^ ; l \\ a \\ [ Xp , D ( A p )] a _ e)T - 


Choosing 9 and r such that t = 9± + 62 and 9r = 9\ yields the desired estimate, 
c) For a £ D{A p ) and t > 0 we have 


j. 0 \ 11 „— tA j 


a ll Vfl 1+ 8 2 ,p < t 1 1 | e p (a o,)\\vg 1 + g 2 ,p + t 1 1 | e P d\\v ei+ e 2 ,p 


< C(\\a - d\\ v p + t 8 l \\ a\\ D[A A . 


Since D(A p ) is dense in Vg 2iP , the first term on the right hand side above can be made arbitrarily small 
and the assertion follows. □ 


We conclude this section by considering the special case where p = 2 and 0 = 1/2. In this case we 
are able to characterize the space Vg :P explicitly. In fact, let 

14 := {ip £ Fp er (fl) 2 : div ff (p = 0 in G, ip = 0 on r b }. 

Proposition 4.7. Let Vg tP be defined as in (14.101) . Then 

Vi/2,2 = Vr. 

Proof. Note that A 2 may also be defined by the sesquilinear form a\ given in Section [3] for A = 0. In 
fact, A 2 v = f for / £ X 2 if and only if ao(v,tp) = {f,<p)L 2 (n) f° r ah T G Vo- Then, by the theory 

of positive self-adjoint operators on Hilbert spaces (see e.g. i29l Proposition 4.2]), V a = D(A 2 ) = 

[X 2 ,D(A 2 )\ 1/2 . □ 


5. Local well-posedness 


In this section we prove the existence of a unique, mild solution to the system (I2.3I) - (I2.4I) . Our 
approach is inspired by the so called Fujita-Kato approach for the Navier-Stokes equations, see e.g. 

mm- 

Throughout this section, let p £ (1, 00 ). We represent the nonlinear terms by 
(5.1) F p v := -P p (v ■ V H v + wd z v), 

where w = w(v) is given as in (EH). Observe that w is less regular than v with respect to (x,y), but 
that w has good regularity properties with respect to z. In order to take into account this anisotropic 
nature, we define for s, r > 0 and 1 < p, q < 00 the function spaces 


W r *W s x ' p := W r ’ q ((-h, 0); W S - P (G)). 

Equipped with the norms = || ||w(-, z)\\w‘-p(G) || w r -i(-h 0 )’ become Banach spaces. We 

will also use its variants in which Sobolev spaces are replaced by Bessel potential spaces. 
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Taking Holder’s inequality independently with respect to 2 and (x, y) we obtain 

(5-2) Wfg\\LlLl y < ll/llz^z^, IIsII.l« 2 l£Jj Vp = 1/P1 + 1/P2, 1/9 = 1/<7i + 1/92- 

Embedding relations will also be performed separately in z and xy\ in fact we have 

W r z ' q W s x £ -A provided W r ’ g (-h, 0) -A W ri ’ qi {-h, 0), 

W r z ' q W°' p ^W r z ’ q W°l ' P1 provided W S ’ P (G) -A W S 1 ’ P 1 (G). 

Let us also remark that W£ ,P W£’ P C W r+s,p (Ll) provided p = q. The above relations hold also in the 
case of Bessel potential spaces. 

After these preparations we now estimate F p v in terms of ||u||vg . 


Lemma 5.1. Let p £ (l,oo) and 7 := 1 + A.. Then F p maps V^ tP into X p 
M > 0 such that 

«/ ll-F>llx p < M\\v\\^ p , v £ V JtP , 

b) \\F p v - F p v'\\ Xp < M( IHIr 7 , p + WWvyJWv - v'\\ v ^ p , v,v' G V 7iP . 


and there exists a constant 


Proof. In view of the bilinearity of v ■ V hv' + w(v)d z v’ with respect to v and v', assertion b) may be 
proved similarly as in a). We hence only prove a). Since P p is bounded in X p and V~ hP C H 2 ' y ’ p (fl) 2 by 
Lemma rOk h it suffices to bound the L p (f2) 2 -norms of v • V hv and wd z v separately by G\\v\\ 2 H1+1/PtV ^ 
for some C > 0. 

By Holder’s inequality, j)u ■ Vhv\\lp(Q) < C|M|z,3p(q) ||u|| w i,3p/2(q) for some C > 0. The desired 
bound follows from the embedding of H 1+1 / p,p (Q) into L 3p (Ll) and W 1,3p ^ 2 (fl). Next, thanks to (15.21) 
we obtain ||u , < 9 z i'|| ij p(n) < ||ui|| iooi 2 P \\d z v\\ L P L 2 P . It then follows that 

HI L?L 2 x % < C \\ W \\ W f p L% < C \\dzW\\ L VL% = C \\ d ™HV\\ L P Ll P 

— ^11^11 L p wT 2p — ^11^11 T p // 1+1 / p,p — < ^ , |l t7 ll AT 1 + 1 / p ' p (SA): 

z ’’ xy j-j z X y v ' 

where we have used the embedding W 1,p (—h, 0) °A L°°(—h, 0), Poincare’s inequality as well as the 
embedding H 1+1 / p,p (G) 'A W 1 ’ 2p (G). We also have 

\\dz v \\ L p Ll p - C\\ v \\wl' p Ll p v = ^'\\ V \\hI’ p lI% - C\\ v \\ H fP Hl / y p ' p — ( !MI-H 1 + 1 / p ’ p (n)- 
Hence, \\wd z v\\ LP ^) < C|M|^ 1+1/PiP(n) for some C > 0. □ 


In the following we prove the existence of a unique, mild solution to m-m- Note first that 
equations m-m can be rewritten equivalently as 


(5.3) 


v'(t) + A p v(t) 

u(0) 


= Ppf(t) + F p v{t), 
= a. 


t > 0 , 


Let T > 0 and S := 1/p. Then v G C([0, T]; Vs iP ) is called a mild solution to equation (15.31) provided v 
satisfies the integral equation 

(5.4) v{t) = e~ tAp a + f e~^ t ~ s ' >Ap (P p /(s) + F p v(s)) ds, t> 0. 

J 0 

In order to formulate the the main result of this section, we define for T > 0, 8 = 1/p and 7 : = \ + ^ 
the space St as 

St ■= G C([0, T]; V$ tP ) D C((0,T]; V ltP ) : ||t»(i)||v 7iP = o^ 1 ) as t -A 0}. 


When equipped with the norm 

IMIs-r := sup |Ks)||y SiP + sup s 1 _ 7 |Ms)||y , 

0 <s<T 0 <s<T 


the space St becomes a Banach space. 

Our local well posedness result reads as follows. 
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Proposition 5.2. Let T > 0, 5 = 1/p and 7 = \ + 2p an d assume that a £ Vg tP and P p f £ C7((0, T]; X p ) 
with \\P p f{t)\\ Xp = o{t 2l ~ 2 ) as t — >■ 0. Then there exist T* > 0 and a unique mild solution v £ St* to 
(15.31) . If in addition ||a||y 5 p + sup 0<s<T s 2 ~ 2l \\P p f(s)\\x p is sufficiently small, then T* = T. 


Proof. We subdivide our proof into five steps as follows. 

Step T. Consider an approximating sequence v m £ St ( m = 0,1,...) which is defined by 

(5.5) vo(t) := e~ tAp a + f e~^~ s ^ Ap P p f(s) ds, Vm+i(t) := vo(t) + f e~^~ s ^ Ap F p v m (s) ds, t > 0. 
Jo Jo 

In order to simpify our notation we set := Vy tP . We verify first that v m is well defined in St by 
noting that 

W'" " ft 


v~ < lie tAp a\\ Vy + 


< 


- (t - s)Ap \\c { v 0 ,v^- 2 s 2 -^\\P p f(s)\\ Xp ds 
JO 

C'l 7_1 [[a||y 4 + c [ (t — s) _7 s 27_2 ds sup (s 2_27 ||Pp/(s)||.Y p )- 

Jo 0 <s<t 


Here, we used Lemma l4.6b l. Hence 

t 1-7 IMt)lk <C||a||y 5 +Ci?( 7 J 2 - 27 ) sup (s 2 -^\\P p f(s)\\ Xp ), t£ (0,T), 

0<s<t 

where B( •, •) denotes the Beta function. The fact that t 1_7 ||uo(t)||y 7 — > 0 as t —» 0 follows from Lemma 
14.6b L A similar computation combined with Lemma 15.1 t il gives, 

t 1_7 ||u m+ i(t)||y y < t 1_7 ||uo(t)||y 7 +( 75 ( 7 , 2 - 27)^1 sup (s 1_7 ||u m (s)||y ) 2 , t £ (0,T). 

0 <s<t 


By induction, we then see that v m £ St for all m > 0. 

Step 2: Setting k m (t) := sup 0<s<t s 1_7 ||u m (s)||y 7 and C\ := CB('y,2 — 2j)M, we deduce that k m +i(t) < 
ko(t)+Cik m (t ) 2 for t > 0 and with k m ( 0) = 0 for m > 0. This quadratic inequality implies for 0 < t < T, 

if k 0 (t) < l/(4(7i), then k m {t) < K(t) := (1 - ^1 - 4Cifc 0 (t))/(2C'i) < l/(2Ci). 


The assumption of this statement is satisfied provided one of the following assertions are true: 

(1) T is sufficiently small (note that kft) is continuous and that fco(0) = 0); 

(2) ||a||vi +sup 0 < s < T s 2 - 27 ||P p /(s)|| Xp is sufficiently small. 

Note that the cases (1) and (2) will lead to the local and global existence, respectively. In the following, 
we investigate the case (1) and choose T = T* sufficiently small. 

Step 3: Setting u m := u m +i — v m , we estimate ||u m ||v 7 by using Lemma IS.lb h We obtain 
sup s 1_7 ||ii m+ i(s)||y 7 < 2C 1 K{T*) sup s 1_7 ||w m (s)||v , m > 0. 

0 <s<T* 0 <s<T* 

Since 2CiAT(T*) < 1, we see that 

OO 

v{t) := v 0 (t) + ^2 u m (t) 

771=0 

exists in C((0, T*]; Vy) as a uniform convergence limit. Further, since K{ 0) =0 it follows that ||u(i)||y 7 = 
o(t 7_1 ) as t —> 0. Since u m { 0) = 0 for m > 0, we also obtain v £ C([0,T*]; Vs). Consequently, v £ St* ■ 
Step 4 : By Lemma [57 TJ j), F p v m (t) —>• F p v(t) in X p as m —> oo for t > 0. Moreover, ||PpW m (t)||x p is 
bounded by MK(T*) 2 t 2 ^~ 2 , which is integrable on (0,T*). Lebesgue’s convergence theorem enables us 
to take the limit in (15.51) . which implies that v(t) is a mild solution to equation (15.31) . 

Step 5: In order to prove the uniqueness of mild solutions, let v and v’ be two mild solutions in St and let 
u = v — v'. Setting K[t) := max{sup 0<s<t s 1_7 ||u(s)||y 7 , sup 0<s<t s 1_7 ||u , (s)||y 7 } we see that K{ 0) = 0. 
Similarly as in Step 3, we see that sup 0<s<t s 1_7 ||u(s)||y is bounded by 2C\K{t) sup Q<s<t s 1_7 ||it(s)||y 7 
for all t £ (0,T]. Choosing T such that 2CiA'(T’) < 1, we obtain u = 0 on [0,T]. Repeating this 
argument yields u = 0 on [0,T]. □ 
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Remarks 5.3. a) The assertion concerning the global existence of a unique, mild solution can obtained 
without essential modifications. 

b) Consider the special case where p = 2. Then the regularity condition a £ V\i 2.2 required for the 
initial data is characterized by Proposition Id.71 Note that this condition coincides precisely with the 
one given in [19] Theorem 1.2]). Their approach, however, is based on the Galerkin method. 

Remark 5.4. Let us clarify the dependency of T*, i.e. the length of the existing time of the solution 
constructed above, on the initial data a for the case / = 0. In this case, T* is chosen in such a way that 
k 0 (T*) = sup Q<s<T , s 1_7 ||e _tAp a||v 7 P < l/(4Ci), whereas fc 0 (t) is estimated by the use of Lemma 4.6b) 
as k 0 (t) < C£ mm i" 1-7 ’ e i||a||y 5+ei p for all t > 0, provided that a £ V$ +e ^ p with 0 < e < 1 — 5. Therefore, 
if e > 0, then we may set 

]/ i \ max{l/(l—7),l/e} 

T * = 2 \4C'C' 1 ||a||v i+e ,p/ 

which depends only on the V 5 + EiP -norm of the initial data. Note, however, that we cannot assume e = 0 
above. In fact, for a £ the dependency of T* on a cannot be controlled merely by the Vyp-norm of 
a. 

In the following we show that the mild solution to (15.31) constructed above is in fact a strong solution. 
For proving this, we make use of the following assertions. 

Lemma 5.5. a) Let 61,62 > 0 such that 61 + 62 < 1. Then there exists a constant C > 0 such that 
||/_ e~ tA P \\c(Ve 1 + g 2 , p ,v eilP ) <ct 82 , t> 0. 

b) For a £ X p set z(t) := e~ tAp a. Then there exists a constant C > 0 such that || z(t + s) — z(t)\\v^ p < 
Ct~ 1 +T s 1 ~ T for all t £ [0,1] and all s > 0. 

Proof, a) By (14.91) and (14.71) . we obtain ||J — e~ tAp \\c^ Vg p y g p ) < C for t > 0 and 6 = 0,1. In addition, 
since I — e~ tAp = —A e ~ sAp ds , we have \\I — e~ tAp \\£( Vl p y 0 ) < Ct for t > 0. Interpolating these 
three estimates together with the reiteration theorem yields the assertion. 

b) This follows from the theory of analytic semigroups by assertion a). □ 

We now collect mapping properties of the convolution integral 

H(t) := [ e~^ Ap f(s)ds, 

Jo 

where / £ C((§,T]\X p ) satisfies certain assumptions as t —> 0 and t —>• 00 . For related results, see e.g. 
[201 Lemmas 3.4 and 3.5]. 

Lemma 5.6. Let n > 0, r £ (0,1) and f £ C((0, T]\X p ). 

a) Assume that ||/(t)||x p < Ct~ K for all t £ (0,T]. Then there exists e > 0 and C > 0 such that 

\\H(t + s)-H(t)\\ Vr < CC max{£ e_K s 1_T_e , t~ K s 1 ~ T }, s £ [0 ,T - t], 

b) Assume that f £ C s ((0, T]; X p ) and that ||/(£)||x p < L\t~ K for t £ (0, T] as well as 

II f{t + s) - f(t)\\ Xp < L 2 t T s e for t £ (0,T] and s £ [0,T — t\. Then there exists a constant c > 0 such 
that 

\\dtFJ{t)\\x p + \\H(t)\\ D (A p ) < ct C (L\+L 2 e ct ), t > 0. 

Proof, a) Observe that 

II H(t + s)~ H(t)\\v r < fo He- sAp - /|U ( v 1 _ e ,y T )ll e “ (t " s) ^lkWo,v 1 _e)ll/(«)lko da 

+ f t t+S He- (t+s - CT)A HkWoW)ll/(^)lko da. 

Combining this representation with Lemmas I4.6b l and 15.51 yields the assertion, 
b) Observing that 

rt /2 ft 

A p H(t) = (J - e~ tAp / 2 )f(t) + / A p e~^ Ap f(s) ds + / A p e~^ Ap (f(s) - /(£)) ds, 

Jo Jt /2 
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the assertion follows from the estimates (14.811 and (14.9(1 given in R,emark l4.5b ). □ 

Remark 5.7. Given the situation of Lemma 15.61 bb we obtain maximal Holder regularity of v, i.e. 
v G C' 1 ’®((0, T]; X p ) n G e ((0, T]; D(A P ))-, see HB Thm 4.3.5]. 

Proposition 5.8. Let f G C e ((0,T\-X p ) with 9 G (0,1). Then the mild solution v to (15.41) given in 
Proposition^^ is a strong solution. More precisely, v G C 1 ,At ((0,T]; X p ) D C M ((0, T]; D(A p )) satisfies 
(15.31) for all t G (0, T] and where p = min{0,1 — 7 — e} and e > 0 can be chosen arbitrarily small. 

Proof. By the proof of Proposition 15.21 ||v(t)||v' 7 , P < Ct~ c for t G (0,T]. Further, by Lemma l5Th b 
\\Fp v (t)\\x p < Ct~ c for t G (0,T], Thus, Lemmas 15.51 and 15.61 lead to v G C' 1 _ 7 _e ((0, T]; F 7iP ) for 
some e > 0. Now Lemma rs.lb ') yields F p v G C , 1 _ 7 _e ((0, T]; X p ), which combined with Lemma 15.51 and 
Remark (5771 implies that v G C 1 ,M ((0, T]; X p ) D C^((0,T]; D(A p )). The fact that (I5.3l) i holds may be 
confirmed by a direct computation. □ 

Remark 5.9. In view of the fact that dfP p = P p dt , it is now immediate to recover the pressure 7r 
from equation (15.31) i. We thus constructed a unique, local solution to equation (12.31) . which as already 
remarked in Section 2, is the solution to the original problem ED ED. 

6. H 2 - A PRIORI BOUNDS AND GLOBAL WELL-POSEDNESS FOR p G [|,CX)) 

We are now in the position to state the main result of this article. 

Theorem 6.1. Let p G [6/5, oo), a G Vi/ PtP and / = 0. Then there exists a unique, strong global 
solution (v,i r) to (ED ED within the regularity class 

v g ^(( 0 , 00 ); L p (n) 2 ) n c((o, 00 ); w 2 ’ p (9) 2 ), tt g c((o, oo) ; w 1 ’ p (g?) n l p (g)). 

Moreover, the solution (v,ir) decays exponentially, i.e. there exist constants M,c,c > 0 such that 

( 6 . 1 ) ||^^(i)IUp(o) + ll^Wllw^cn) + IMIwuiqG) < Mt c e ct , t> 0 . 

Our strategy to prove Theorem 16.11 may be described as follows. Recall that Proposition 15.21 assures 
the unique existence of the strong solution v to (2.3)-(2.4) on the time interval (0, T*]. In the sequel, we 
fix some t\ G (0, T*) and regard v(ti) G D(A p ) as the new initial data. We hence may assume without 
loss of generality that a G D{A p ). This will be assumed until the end of Step 7 of the proof below. 

Consider first the case where p = 2. We then prove that the unique, local, strong solution v con¬ 
structed in [0, T*] may be extended to a strong solution on [0,T] for any T G (T*,oo). In fact, the a 
priori estimate (16.151) given below yields that sup 0<t<T ||v(t)||# 2 (Q) must be bounded by some constant 
B = B{T , ||a|| ff 2 (Q)). Propositions 15.21 and 15.81 enable us to choose Tb > 0, depending only on B, such 
that v may be extended to a strong solution on [0, T*+Tb\- If T*+Tb < T, then ||u(T*+TB)|| fl - 2 ( n ) < B, 
so we may extend v to [0,T* + 2 Tb\- Repeating this argument, we obtain a unique, strong solution 
to (2.3)-(2.4) on [0, T]. Once this fact is established, we prove the global existence for p = 2. In the 
final step of the proof below, we show that ||u(£)||# 2 (£j) is globally bounded and is even exponentially 
decaying as t —> 00 . This property is then extended to the case p > 6/5 by a bootstrap argument. 

Before starting the proof of the a priori estimates, we observe first the following estimates concerning 
the two-dimensinal Stokes equations and the three dimensional heat equations. 

Lemma 6.2. a) Let f G L 2 (G) 2 and let be a solution of the equation dtV — + V//7T = / 

satisfying div#t; = 0 in G and such that v and 7 r are periodic on dG. Then there exists a constant 
C > 0 such that 

8<9 t ||+ ||A_h-u||| 2 ( G ) + ||Vff7r||! 2 ( G ) < C ||/1|z. 2 (c7), / e L 2 (G) 2 . 

b) Let f G L 2 (fX) and let v be a solution of dtV — Av = f in Q such that v z = 0 on T u , v = 0 onTb and 
v is periodic onTi. Then there exists a constant C > 0 such that 

&t 11^111,2(0) + ||An||| 2 ( n ) < / G L 2 (fl). 
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Proof, a) Multiplying the equation by dtv or —A#i>, integrating by parts over G, and adding the 
resulting equations, we find that 

dt\\V H v\\l HG) + \\d t v\\ 2 LHG) + \\A h v\\ 2 L 2 {g) = A h v). 

Note that the pressure terms give no contributions, thanks to the periodic boundary conditions. Then, 
evaluating the pressure term by || V# 7 r || 2 2(G) < 3(||/|| 2 2(G) + ||<9 t v||^ 2(G) + II A#u|| 2 2(G) ), we obtain 

49i||V_f/r!||| 2 ( G ) + \\d t v\\ 2 L 2 ( G ) + \\Ahv\\ 2 L 2 ^ + || V# 7 r||| 2 ( G ) < 3 ||/||| 2 ( G ) + 4(/, d t v — A H v). 

An absorbing argument gives the desired result. 

b) This can be proved by multiplying the equation with —Av and integrating by parts over Cl. □ 

Remark 6.3. We note that there is a contant C > 0 such that || ^ 2 h v \\l 2 (G) < C\\Ahv\\l^(g) and 
IMI/pqn) < G||Aw|| L 2 (n) , respectively. 

In addition to the vertical average v of v, which was already introduced in (12.21) . we now define the 
fracturing part v of v by v := v — v. It follows from (12.71) that ||u||i<!(n) < (1 + h~ x ! q ) IHI^n) for all 
q £ (1, oo). We further notice that 

div# v = 0 , div# v = div# v, w = 0 , w = w, v z = 0 , v z = v z . 

The following estimates will be useful later on. 

Lemma 6.4. Let p,q,r £ (1, oo) and g : Cl —> R 2 . Then 

a) 

[ (v ■ \7 H g + wg z ) ■ \g\ q ~' 2 g = 0 and [ {v ■ \/ H g) ■ \g\ q ~' 2 g = 0, 

whenever the integrals are well defined. 

b) Let 4(4 + 4) > 4, g : LI —> K 2 and z £ (— h, 0). Then there exists a constant C > 0 such that 

]ib(^)i p iu 3 (G )<c'(ii ff (.^)ii^ (G) + ii 5 (.,^)ii^)iiv ff b(^)r / 2 iu 2 ( G )). 

Proof, a) The assertion follows from integration by parts. In fact, the volume integrals disappear since 
div it = 0 or div# v = 0. The same is true for the surface integrals since w = 0 on T M U T& and ugn = 0 
on T u U Tt, and due to the periodic boundary conditions on T;. 

b) For simplicity of notation, we write g instead of g(-,z). Observe that ||| 5 | p ||l 9 to = iiisr / 2 nj., 0) . 
where a = 2 pq/r and fi = 2 p/r. On the other hand, the embedding U 7 (G) c —> L a (G) for 7 = 1 — 2/a 
together with interpolation gives ||/||l<»( G ) < Cll/llz^c)||/||#i( G ) for S £ [ 7 , 1 ] and smooth functions 

/. Hence, || \g\ p \\ L «(G) is bounded by G|| |.g| r/2 ||^ ( 2 1 (G ) ) |||s| r/2 ||ffi( G) - Next, choosing <5 such that fid = 1, 
(which is possible since 4(1 + 1 ) > I) and noting that fi( 1 - 5) = 2p/r - 1 and ||/||#i( G ) = ||/||l 2 ( G ) + 
|| V#/1|l 2 ( G ); the desired estimate follows. □ 

We now give a proof of Theorem 16.11 

Proof of Theorem 16. II Multiplying (Eli by v , integrating over Cl and making use of Lemma 16.41 as well 
of Poincare’s inequality yield the existence of a constant C > 0 satisfying 

( 6 - 2 ) IK*)ll!=(q)+ / IK s )llifi(n) ds < CIMlI^np t£( 0 ,oo). 

Jo 

Note that v and v also admit L°°{L 2 ) fl L 2 (I4 1 )-type bounds as above. The energy inequality (16.21) will 
be the starting point of our proof. 

We proceed by taking the vertical average of (12.31) 1 . Following Cao and Titi [ 8 ], we obtain the 
following equations for v and v: 

d t v - A h v + V# 7 r = —v -Vhv - f°_ h {v -y hv + div H vv) dz - j^v z \r b in G, 
div# 6=0 in G, 


(6.3) 


WELL-POSEDNESS OF THE PRIMITIVE EQUATIONS 


19 


and 

1 1 

(6.4) dtv — Av+ v ■'Vhv+ V 3 V z +v ■'Vhv =—v-V hv+— / (v-V hv +divn vv) dz +—v z \r h in fl. 

h J-h h 

In the sequel, we will derive bounds for v,v z and v. Note that each of the three bounds are depending 
on the other two and hence, each bound given in (16.51) . (16.71) and (I6.9|) below is not closed by itself 
alone. However, let us emphasize that adding the three estimates yields an estimate, see (16.101) below, 
to which the classical Gronwall inequality is applicable directly. As already written in the introduction, 
the novelty of our approach lies in the fact that we are dealing with L 2 (L 2 )-estimates for V#7r and 
L°°(i 4 )-estimates for v , whereas the authors in XI, 13, [24j [25] performed L 2 (L 3 / 2 )-estimates for 
and L°°(L 6 )-estimates for v. We subdivide our proof into six steps. 

Step 1 : Estimates for V#u € L°°(L 2 ): 

Applying Lemma [Ob ') to (16.31) . we obtain 

8<9t||Vjyn(f)||^i( G ) + || A h v\\ 2 H 2^ + ||Vh7t||^ 2( G ) < Ci(|||n||Vi/n||| i2 ^ + |||u||V.ffti||| L2 ^ + ll^lli*^)) 

=: I[ + 1-2 + h, 

where we have used the fact that ||/||l 2 ( G ) < Cll/H^o). Let us estimate each term of the right hand 
side above seperatly. The interpolation inequality ||/||l 4( G ) < G||/||^ G) ||/||^ G ^ yields 


h < C||ii|li4( G ) || V_fUu||| 4 ( G ) 

< C(\\v\\ 2 lhg) + ||u|U2(G)l|Vffu||L2( G ))(||V ff n|||2( G ) + ||V ff 'u|| L 2( G )||A ff 'D|| i 2( G )) 

= c 'll 0 lli2(G)ll v ff^lll 2 (G) + C \\v\\l 2 (G)\\^Hv\\l 2 (G)\\A H v\\l 2 (G) 

+ C'II^IU 2 (G)l|Vffn||i 2 ( G ) + C , ||v|| L 2 ( G) ||V ff n|| 1 2 (G)II a ^' u IU 2 (G) 

< C(IMIi 2 (n) + IMIi 2 (n))IMIiri(n) + ll^ff^lli 2 (G) 

+ C(IMU 2 (n) + IMli 2 (n))GMI.ff 1 (n) + ll w llffi(n))ll^ 7 ff^lll 2 (G)) 

where we have used the estimates || ^hv\\l 2 (g) < C\\Ahv\\l 2 (G) (see Remark IQ1) in the second line and 
||V ff n|| i 2 (G) < C||n|| #i(n) in the last line. 

Since |V#n| < |V€5|, we obtain for the second term / 2 on the right hand side above that / 2 < 
C'i|||{j||V{j|||| 2 (o)- I 11 view of the trace theorem, Poincare’s and Young’s inequalities, I 3 < C'||n 2 ||| 2 (o) + 
l/4||Vn z || 2 2(n) . Consequently, there exist constants C \, C >0 such that 

8<9 t ||V#u||^i (G) + || V#7 t||^ 2 (g) < C 1 |||S||Vi;|||J a(G) + J||Vi; 2 || 2 2 (g) 

(6-5) +C{ 1 + |M|| 2 (o) + lkllL 2 (o))ll t ’llff l (n) 

+C(IMU 2 (n) + II'gII z. 2 (n)) (ll'G II at 1 (n) + IMI#i(n))ll^ 7 ff^lli 2 (G)> 

where we made use of the fact that ||w 2 ||l 2 (o) < IMI/run)- 
Step 2: Estimates for v z £ L°°(L 2 ): 

We multiply (12.31) 1 by —d z v z , integrate over fl and use Lemma I7TTT1 As discussed in [24l p. 2743], all 
the boundary integrals vanish except the one involving V#7r. The resulting equation reads 

^<9 t ||u 2 ||| 2 (o) + ||Vu 2 ||| 2(n) = - J V#tt -v z \r b - jj,v z ■ V#u) • v z + div# vv z ■ v z 

=: I a + I 5 + Iq . 


( 6 . 6 ) 
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Recalling that v = v + v, we find from further integrations by parts that 
h = ~ / (v z ■ V H v) -v z - (v z - V H v) ■ v z 

JQ JQ 

= — (v z • V rv) -v z + div H v z v ■ v z + / (v z ■ Vhv z ) 
J £1 </ Q fi 


—: /51 + I52 + I53, 


and that 


h = / div ff vv z ■ v z = -2 / (v ■ V hv z ) 

J n J n 


We now estimate the above five terms. In view of the trace theorem, Poincare’s and Young’s inequalities, 
we obtain 

1^41 < ^ II Vi/7r||| 2 ( G ) + C\\v z \\ 2 l z^ + -||Vi; z |||2( n ). 

Furthermore, by Fubini’s theorem, Holder’s and Minkowski’s inequality and Lemma |6.4I 


4i| < 


< 


[ \V H v\ [ \v z \ 2 dz < C\\Vhv\\l 2 (g) 
JG J-h 


|v 2 | 2 dz 


' —h 


t 2 (G) 


<C\\V h v\\ L 2{g) [ \\\v : 

J-h 


l 2 ll dz 
1 II L 2 (G) aZ 


C\\\Jhv\\l 2 (G) I (|MIl2(g) + IIw||l 2 (G)||V_h-?;||l 2 ( G )^ dz 


< C'\\\/hv\\l 2 (G) ll u z|li 2 (n) + C||^ff i; ll!2(G)ll' y zlli 2 (fi) + -1| ^HV z \\ L2 ^y 
For the remaining terms we have 

\h 2 \ + |/ 53 | + |/e| < C J \v\\v z \\V H v,\ < C||N|Vi)|||* 2(n) + ±\\S7v z \\ 2 LHn) , 

where we have used v z = v z , \v z \ < |Vi>|, and |V#i; z | < |Vw z |. Combining these estimates with (16.61) 
we conclude 

(6.7) d t ||^|| 2 2 (q) + < ijll Vff 7 r|| 2 2 ( G ) + C'IMI#1(q) + 2C 2 |||ii||Vi;||| J . 2 ^ 

+C(ll t 'llff 1 (n) + lkll?f l (n))ll^llL 2 (n)) 

where we have used ||w 2 || L 2 (n) < ||u|| ff i ( n) and \\V H v\\ L 2 (G) < C|M|ifi(n). 

Step 3: Estimates for v £ L°°(L 4 ) 

Multiplying (16.41) by |fi| 2 fi, integrating by parts in H, and using Lemma 16.41 we obtain 


1 


0ilHli*(n) + ^||V|fi| 2 || i2(n) + ||l^l|Vf 


li 2 (n) 


( 6 . 8 ) 


= — f (v ■ Vhv) • |fi| 2 v + — / f (v ■ Vhv + diva v v) dz ■ \v\ 2 v 
Jn h Jn J-h 

+ ^ J v z \r b -\v\ 2 v=: I7+h+ Ig- 


in 

By Fubini’s theorem, Holder’s and Minkowski’s inequalities as well as by Lemma 16.41 the term I-j can 
be bounded as 

i-o 


h<C f \V H v\ f \v\Uz<C\\V h v\\l 2{ g) f \v\ 4 dz <C\\V h v\\l 2 (G) f ||l ^| 4 || L , G) dz 
JG J-h J-h t„(G\ J-h K ’ 


f0 

l-h 


L 3 (G) 


< C\\S7 h v\\l 2 (G) f (p|li,4( G ) + ||fi|| 2 4( G )||V ff |fi| 2 || L 2 (G )^ dz 


— h 
4 


< C'||Vi?i;|| i2 (G)||{;|| i 4( n ) + C'||Vi/n|| i 2( G )||fi|| i 4( n ) + -||V^| 


I 2 
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In a similar manner, the term Is may be estimated as 


h<C 


< c 


|6||Vjji5| dz 


' —h 


' —h 


I v\ A dz < C 


dz 



r 0 

/ \v\ 3 dz 

T 4 / 3 (G) 

J-h 


L 4 (G) 


)||V ff €|| 


L 4 / 3 (G) 


1*1 IIl 4 (g) dz 


f\ 

~ C (yj } H' C llA 4 (G)ll V -H'' S lli 2 (G) dz'j / ; (||,|||4 (G) + ||,|U 4 ( G)||V,Hl i2(G) ) dz 

< C'PIU 4 (n)l|V ff i;|| L2 (n)(||'p|ll4 (n ) + ||'C||i 4 (n) || |u| 2 || i2(n) ) 


1 , 


< C , ||Vi/i;||L 2 (G)||'5||L4(Q) + C||Vfl"i;|| i 2( G ) 11^11^4(0) + -|| Vh\v 


1,4 1 iii^N 2 L 2( o)- 

Finally, by the trace theorem and by Poincare’s inequality as well as Lemma 16.41 we estimate the term 
/g as 


Iq < 


1^1 II L 2 (G) dz 


C [ KlrJ f \v\ 3 dz<c\\v z \\ L 2 { r b) j 
JG J-h J-i 

r 0 

< C\\v z \\ L i {Th) / (||w||| 4 (G) + ||n|| L 4 (G) ||V ff |{i| 2 || i2(G) )d2 

J —h 

< C'll^||z- 2 (r fc ) 11^112,4(0) + C’II^IU 2 (r i ,)||^||L 4 (n)||V ff |u| 2 || L2(n) 


< C'||^||i/ 2 (r2) ||V^||i/ 2 (r2) ||0||i4 (r2) + C'||^||i / 2 2 (n) ||V^||i / 2 2 (f2) ||i5|U 4(n) ||V«|0| 2 || i2(f2) 

^ C'll11^2^)||^llz, 4 (o) + C|l^llL 2 (n)ll^llL 4 (n) + ^rll^^lli 2 ^) + g|| N 2 |L 2 (fip 

where C 3 := 2 (Ci+ 2 C 2 ) is determined by C\ and C 2 defined as in Step 1 and 2 , respectively. Combining 
these estimates with (16.81) and multiplying with C 3 , we conclude that 

(6.9) 

— ^Il^lli 4 (n) + ^ll|H||V5||| l2(q) < C'(||-g||+ IMI^qn) + IMIffi(n))ll^||i 4 (n) + ^II^aIII 2 ^), 
where we made use of the estimates ||^ hv\\l 2 (G) < C|Ml.ffi(f 2 ) and ||i 4 ||z, 2 (Q) < ||w||ffi(n)- 
Step 4■ Adding the above estimates 


Addition of flUD , m and (16.91) enables us to absorb the terms |||5||Vii 

3. r 
C 3 


||V//7r||| 2 ( G ) into the left hand side. This leads us to 

1 


12 

li 2 (n)’ 


l|V^z||| 2 ( o) and 


5t(8|| Vjyi;|| 2 2 ( G ) + ||n 2 ||22(o) + — Il^llz, 4 (r2)) + 9 (ll^ 7 r lll 2 (G) + II^Fzllz^n) + C 3 1| |€5||v||| i2(f2 )) 

(6-10) < AA(t)(8||V_f/i;|||2( G ) + ||Fz|||2(q) + {Cs/tyWvW^i^) + K 2 (t), 

where K\(t) := C {1 + |K*)IU 2 (fi) + ||u(t)|| 2 2 (n) )(||u(t)||}/ 1 3 (n) + ||u(f)|| H i (n) + IKOH^n)) and : = 
C( 1 + ||f(i)|| 2 2 (n) + ll t '(^)lli, 2 (n))||n(t)||^i^ n j. It follows from (16.21) and Holder’s inequality that 

J Ai(s) ds < C(1 + ||a||/, 2 (n) + ||a|| 2 2 ( n ))(||a|| 2 2 3 n ^ 2/3 + \\a\\ L 2 ^t 1/2 + ||a|| 2 2 ( 0 )) <00, t > 0, 

f K 2 (s) ds < C(1 + ||a||z, 2 (o> + IMIz, 2 (Q))ll a lll 2 (n) < °°; t>0. 

Jo 

Applying Gronwall’s inequality thus yields 

8 ||Vjji;||| 2 ( G ) + ||f z ||| 2 ( n ) + (C3/4)||'0||| 4 ( n ) < (C(\\a\\ 2 m (n) + ll a llif 1 (n)) + J K 2 (s) ds^j e d o K A S ) da 


(6.11) 


—: Bi(t, |H|iji(fi)), t> 0, 
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where we estimated the left hand side of (16.111) for t = 0 by C(||a||/fi(n) + IMlirRfi))- By (| 6 . 2 ll . we 
obtain further that ||®(i)||#i( G ) < CIHIwfi) + \B\(t, ||a||ir 1 (n)) and that 

(6-12) i j\\\VH*\\b(G) + l|Vv,||i 3( n) + C 3 |||H||Vu|||^ 2(n) )(is < B^t, ||a|| ffl(n) ), t > 0. 

Step 5: Estimates for v £ L°°{H l ) 

We consider (I2.3l) i as an inhomogeneous heat equation of the form dtv — Av = —v ■ V bv — wv z — V 
and apply Lemma I7TT3?1 > 1 . Since v ■ V hV = v ■ V+ v ■ V#® + ® ■ V jjv + ® ■ V#®, we obtain 

<9*11 Vu||| 2 ( n ) + ||Au||| 2(0) < C(||® • V fl ®||| 2(G) + ||® • Vjff'||| 2 (Q) + II® • Vij®||| 2 (n) 

(6-13) + ||™ z ||^ 2 ( n ) + ||® • V ff ®||i 2(n) + ||Vj?7r||^ 2 ( G )). 

We estimate each term on the right hand side of (16.131) . The last two terms were already estimated 
in (16.121) . Next, the interpolation inequality ||/|| L 4( G ) < C\\f \\^ 2 2 G ) II/IIjjrg) yi e lds 

II® • V ff ®||| 2(G) < C'||®|||4( G )||®||i/i( G )||®||_f/2( G) < C'||®||^ 4 ( G )||i’|| ff i(o)||^|U 2 (n) 

A C||®II|h-i(g)IMI sqn) + l/8||Ai>|| 2 2 ( n ), 

where we have used ||f||i? 2 (n) < C'||Au||l 2 (q); see Remark IQ1 
The second term above is again estimated by interpolation as 

II® • V ff ®|||2 (n) < C'||®||| 6(G) ||®||^i, 3(n) < C ||®||l6 (G) |H|^i,3 (n) < C'||®||^i (G) ||n|| ff i (n) ||w|| ff 2 (n) 

<C'||®|| lf 1 (G)ll' y llff 1 (0) + l/8||Av||| 2( - n ), 

where we used the embedding H 3 / 2 (£l) ^ W 1 , 3 (f 2 ). 

Similarly, since H 3 / 2 (G) W 1,4 (G), the third term above is bounded by 

II® • ^HV 11^2(0) < C||®||| 4 (o) ||®||vyi,4( G ) < C||®IIl4(q^ II®||h 1 (g) ll®l|ff 2 (G) < C'||®|||4( n )||u||i/i(n)||w||ff 2 (n) 

<C , ||«||i4(n ) ||«|| m(Q) + l/8||Au|||,2(f2)- 

Finally, for the fourth term we use the anisotropic estimate given in the proof of Lemma 15.11 This com¬ 
bined with the interpolation inequality ||/||l 4 ( G ) < C||/||^ G J|/||^/ G j and with Poincare’s inequality 
yields 

ll^lli 2( n) < C\\w\\ 2 LT L iv h*\\ \ 2 z Ll y — hV \\ 2 L 2 z L% v IIwIIIsl^ 

< C\\S7 H v\\ L 2 z L 2 xy \\VHv\\L 2 Hl y \\v z \\L 2 z L 2 xy \\v z \\L 2 z Hl y 

< C'||Vw|| i 2(Q) 11^11^2(^)11^ 11^2(0) || VW 2 : ||l2(Q) 

A C||^z||i2(n)||Vw 2 ||| 2 (Q)||Vw|||2(Q) + 1/8||Au||| 2 ( n ). 

Combining these estimates with (16.131) we arrive at 

^tll^lli^fi) + 1/2 ||Aw|| 2 2(Q) < C'||u z ||^2( n ) ||Vw z ||^2(Q) II Vu||^2(Q) + C'(||®||^1( G ) + ||® llL 4 (n))ll w llff l (n). 

Since f* C||?; z ||| 2(n) ||Vr; z || 2 2(n) ds and since f* C'(||®||^ 1(G) + ||®|li 4 (n) )|M|^i (n) ds are bounded by 
CB^t, ||a|| ff i ( n )) 2 and by C(-Bi(t, |M| ff i (n) ) + |M|| 2 (n) )||a|| 2 2(n) =: L(t) respectively, it follows from 
Gronwall’s inequality that 

II^WIl! 2 ^) + \J Q H Aw lli 2 (n) ds ^ (ll Va llL 2 (n) + L(t))e CBl{t ’ MHl w )2 < oo, t > 0. 

Consequently, ||r , (t)||_f/i(o) < B 2 (t , ||a||#i(n)) for some function B 2 . 

Step 6: Estimates for v z £ L°°(L 3 ): 

We multiply (2.3)i by —d z (|i; z |?; z ) and integrate over fl. By an argument similar to the one that derived 
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(6.5), we obtain 

g^tlKIli^n) + g||VK| 3/2 || i2(n) 


,r /2 ivt 


I 2 

I L 2 (Q) 


= - V ff 7 T • \v z \v z - / (v z ■ Vh)v ■ \v z \v z 

JT b Jo. 

+ / div H v\v z \ 3 
J Q 

=: J\ + J 2 + J 3 . 


We estimate each term on the right-hand side. It follows that 

\M + \M < C f ||V ff p||K| 3 < C'||V ff T|| L2( o ) |||^| 3 || i2(n) - C\\V H v\\ LH n)\\\v z \ 3/2 f Li{n) 
<C||V^|U 2 (o)||K| 3/2 ||l / 2 2 (n) ||V| W 

IL 2 (n) 

< C||V^||i 2(n )|||^| 3/2 || 2 2(a) + i||V|, z | 3 / 2 || 2 2(n) 

= C , ||Vffv||i 2 (n)||v»||i 3 (n) + gIM Vz \ ^ IL 2 (n) ! 

where we have used the interpolation inequality ||/||i 4 (n) < CII/ll^^llV/ll^ 4 ^, with / = 0 on F„, in 
the second line. For J\ we have 

\Ji\ < C'||V ff 7r|| L2(G) |||u s | 2 || i2(rb) = C||V^|| i2(G) |||^| 3/2 || 4 / 8 3 /3(rb) 

<q|VH7r|U 2 (G) ||KI 3/2 ||^ 3 (n) ||vK| 3 / 2 || i2(n) 

< C'l|V ff7 r|| 2 2(G) ||K| 3 / 2 || 2/ 2 3 (n) + i||VK| 3 / 2 || 2 2(n) = C||V ff7 r|| 2 2(G) ||u z |U3 (n) + I||V|^| 3 / 2 || 2 2(n) , 

where we have used the fact that the trace operator is bounded from Ff 3 / 4 (fl) into L 8 / 3 (T},), as well as 
the interpolation inequality ||/|| ff 3/4 (n) < C'||/|| 4/ 2 4 n) ||V/|| 3/4 (n) , with / = 0 on F„. 

Collecting the above estimates, we obtain 

<9t||u z 11^3(0) < <C'||X7||z, 2 ( G )ll z ’^IIZ/ 3 (f2) + C'||V_ffu||£ 2 (Q)||u z || 3 3(q), t > 0. 

Dividing the both sides by IK's ||z, 3 (r 2 ) and applying Gronwall’s inequality yield 

IM*)llz, 3 (n) < (\\vz{ 0 )\\l HQ) + C\\V H n\\l 2 {G) ds^ e IoCllVHv]lL 2 M ds , t > 0 . 

Therefore, ||v 2 (f)|| L 3 ( n) < B 3 (t , ||a|| ff 2 (n) ) for some function B 3 . 

Step 7: Estimates for d t v £ L°°(L 2 ) 

Applying the hydrostatic Helmholtz projector P 2 to (2.3)i we obtain 
(6.14) d t v + P 2 (v • + wd z v) + A 2 v = 0, t > 0. 

For fixed r > 0 we now set s T := v[t + t) and D T v := -^(si-v — v). Then, taking the difference quotient 
of (16.141) yields 

dtD T v + P 2 (s T v ■ VhD T v + s T wd z D T v ) + A 2 D T v = —P 2 (D T v ■ V hv + D T wd z v ), t > 0. 
Multiplying this equation by D T v = P 2 D T v and integrating over 11 yields 

/ ( s T v ■ VhD t v + s T wd z D T v) ■ D t v = 0, 

Jn 

since div s T u = 0, s T w = 0 on LlTj and s T u is periodic on T;. Hence, 

7 ;d t \\D T v\\ 2 L 2 ( Q) + ||V-D T t>|| 2 2(n)2 = - ( D t v ■ V H )v ■ D r v - J D T wd z w ■ D T v =: J 4 + J 5 - 
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For J 4 , it follows that 

\M < ||V ff «|| L3(n) ||i3 T «||l4 (n) ^CIIV^IU^njIPrvll^njIlVD^II^nj 

where we used interpolation and the fact that D r v = 0 on Tf,. Next, we exploit the anisotropic estimates 
to bound J 5 as 


1-41 < C\\D T w\\ LrLly \\v z \\ L 3 Li y \\D T v\\ L 2 L%y < C\\div H D T v\\ L 2 L i y \\v z \\ L 3 (n)\\D T v\\ L 2 H y 3 

— C , ||VD r u|| i 2 (a) ||w z || i 3 ( Q ) ||-D T w||^ n) ||V£) T u||^ n ^ A C , |l W 2|li3(Q)||-D T u||| ; 2(Q) + ~|| VZ? T u||| 2 (n). 

Consequently, 

dt||-D T U||| 2 (Q) < C'(||V ff i;||^2(Q) + |kz|ll 3 (fi))ll A-^|||2(Q), t > 0, 

which leads to 

\\D T v(t) ||i 2(n) < p T u(0)||i2 (n) e / ° C(l|V ^ ll ^(-) +ll ^ ll ® 3 («) )ds , t > 0, 
as a result of Gronwall’s inequality. Letting r —>• 0 implies 

II^WIIi 3( n) < ll^«(0)||i2 ( „ ) e / ° c(||v ^ || 1=»(oj+ || ''- || ’-(oj)«*», t > 0. 

It remains to bound ||<9 t v(0)||z,2(f2)■ To this end, we multiply (16.1411 by d t v and let t = 0 to obtain 

11^(0)1112(0) < (Ik- V ff a|| L 2 (n) + \\f^ h div H ad(d z a\\ L2{n) + ||Aa|| i 2 (n) )||S t u(0)|| I ,2 (n) . 

Thus |k t u(0)|| L 2 (n) < C(||a||H 2(n) + |kllff a ( f2)) and we conclude that ||5 t u(t)|| L 2 (n) < B 4 (t,\\a\\ H 2 {Q) ) 
for t > 0 and some function U4. 


Step 8: Estimates for v £ L°°(H 2 ) and the proof of the Global Existence for p = 2 

In view of the fact that |kllff 2 (n) < ||.Ai;||£ 2 (f 2 ) (recall Theorem 3.1 with A = 0), it suffices for us to 

estimate H-Au^H^n). It follows from multiplying equation (16.141) by Av and integrating over Q that 

11 ^ 11 ^, 2 ( 0 ) < C(||<9tf ||i, 2 ( o) + ||u • V ff u|| L 2 ( o) + \\wd z v\\ L 2 (n) ), t > 0 . 

We see that 

Ik • v ff u|| L 2 ( o) < c r |klli,o ( o)IkllwM(o) < c 'lkllHi 2 (o)lkllff2 2 (o) < cikll^qo) + jll^lk 2 (o); 

where we have used H 1 (il) c —>• L 6 (fl) and lkllw 1 - 3 (n) < C|klli/i(o)ll' l ’llff 2 (f 2 )- By the anisotropic esti¬ 
mates, we have 

||u)5 2 u|| L 2(o) < C|k|| i 6(o)|k~IU 3 (0) < C\\div H v\\ L 2 L 6 y \\v z \\ L 3^ n ) < C\\dw H v\\ L 2 H y3\\v z \\ L 3(n) 

< Clkllj/qo)lkllff 2 ( o)lk*IU 3 (n) < C'lkllflRfi)lkzlli 3 ( o) + ;jlkllff 2 (fi)- 

Consequently, 

(6-15) Pu|| L 2 ( o) < C(|k t u|| L 2 ( o) + Ikllffi(o) + lkllif 1 (n)Ik*llx, 3 (o))» * > °> 

which implies Ik(^)II tt 2 ( 0 ) < Bs(t, |kllff 2 (n))- This completes the proof of the H 2 - a priori estimates. 

Let us remark that up to this point we considered v{t 1 ) £ £>(^ 2 ) as initial data. Returning to the 
setting where the initial data a £ Tk/ 2.2 and following our remarks made at the beginning of this section, 
we proved that the local strong solution given in Pronositions l5.2l and l5.8l extends to (0, T] for any T > 0. 

Step 9: Global Existence for p £ [6/5, 00 ) and Exponential Decay 

Let v £ C 1 ((0, T*];X P ) Cl C((0, T*]; D(A P )) be the local solution to equation (15.3[) corresponding to the 
initial value a £ V\/ PtP constructed in Proposition 15.21 For fixed to £ (0,T*] we now regard v(to) as a 
new initial value. By the embedding W 2,P {D) c —> iL 1 (I2) which is true provided p > 6/5, we see that 
v(to) £ Vi/ 2 y 2 - The latter space was characterized as a subspace of iL 1 (H ) 2 in Remark lfT3b h The above 
steps 1-8 imply the global existence of v within the L 2 -framework. 
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In order to show the global well-posedness for p > 6/5, we establish first the exponential decay of v 
for p = 2. Recalling the proof of Proposition ^. 21 we know that v is obtained as the limit of the sequence 
(v m ), where v m is given by 


Vo{t) = e tAa v{t 0 ), 


v m+1 (t)=v 0 (t)+ f e (t s)A2 F 2 v m {s) ds. 
Jt 0 


Redefining k m (t) := sup 0<s<t ||u m (t)||i 4 /4 2 , where f3 is as in Proposition 14.41 the arguments given 
in the proof of Proposition 15.21 are still valid and, in particular, if ||r'(to)||pr 1 (n) is sufficiently small, 
then there exists a constant C > 0 such that k m (t ) < C for all m £ N and all t > to- This property 
is indeed satisfied by choosing t 0 suitably, since inf t > 0 ||u(f)||#i(n) = 0. The latter fact follows from 
the observation that the mapping t i-A ||n(i)ll/fi(f 2 ) continuous and integrable in [0,oo) by (16.211 . 
Consequently, ||u m (t)||y 3/4 2 < Ce - ' 9 * for all t > to and where C = C(to). Now, letting m —> oo 
yields ||u(f)||y 3/4 2 < Ce - ' 3 * for all t > to. By Lemmas 15.11 and [5T6l we see that ||||ac 2 < Ce -/3t and 
F 2 v £ C ll / 4_e ([to, oo); X 2 ) with e > 0 arbitrarily small. Moreover, by Lemmas 15.51 and 15.61 we see that 
||<9 t u||jc 2 + IMI-D(a 2 ) < Ce~ ct for all t > to and some C,c> 0. This implies || ^h^\\l 2 (G) < Ce~ ct for all 
t > to- These estimates combined with the ones on the finite interval (0,fo] conclude (16.111 for p = 2. 
By Proposition 15.81 we also have that v £ C M ((0, oo); D(A 2 )). 

In a second step we extend the above result to p < 3 by exploiting a bootstrap argument. We 
may regard v as the solution of the linear primitive equations with the inhomogeneous external force 
/ := — v ■ V hv — wd z v, i.e., 


Observe that 


v(t) = e tAp a + 



e -^- s)Ap Ppf (s) ds , 


t > 0. 


||/||l3(o) < C'||u|| i 6(n) ||Vi/u||i6(n) + C'||div ff u|| L 6 ( n) ||9 2 u|| L 6(n) < C'||u||^ 2 (n ) 

is exponentially decaying as t —t oo and that / € C M ((0, oo); L 3 (fl) 2 ). Therefore, (16.11) holds for 
P < 3 by Lemma PTTOl We also have v £ C M ((0, oo); D(A 3 )) by Remark PT71 We now repeat the above 
argument once more, however, now taking the case p = 3 for granted. Combining the embedding 
W 2,3 ( Q) c — >• W 1,2p (fl) for all p £ (3, oo) with the estimate ||/||iP(n) < C||' l 'llryi, 2 p(o) , we see that 
||/(f)||iP(n) is exponentially decaying and Holder continuous on (0,oo). This observation combined 
with Lemma 15.61 leads to El]). The proof of Theorem 16. II is complete. □ 
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